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Abstract: Volume II of two. This document could be of interest to anyone who wants 
to have a comprehensive inside information about the research in nuclear physics 
from its early beginnings to later years. It describes highlights of my research work 
from the late 1950s to the late 1980s, during the best years of nuclear research, 
when this field of study was wide opened for its exploration. It presents a panorama 
of experimental and theoretical methods used in the study of nuclear reactions (their 
mechanism and their application to the study of nuclear structure), the panorama 
ranging from simple detection techniques used in the early research to more 
complicated in later years, from simple theoretical interpretations to more 
complicated descriptions. This document describes my research work in Poland, 
Australia, Switzerland and Germany using various particle accelerators and a wide 
range of experimental and theoretical techniques. It presents a typical cross section 
of experimental and theoretical work in the early and later stages of nuclear research 
in the field of nuclear reactions.  
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23 
A Study of Spin-orbit and Tensor Interaction of Polarized Deuterons 
with 60Ni and 90Zr Nuclei  
 
Key features:  
1. We have carried out precise measurements of the differential cross sections 0σ and 
all four analyzing powers 11iT , 20T , 21T and 22T  for the elastic scattering of 
polarized deuterons from 60Ni and 90Zr nuclei.  
2. The angular distributions were measured in the energy range of 9 - 15 MeV (lab) and 
for the scattering angles of 400 - 1600 (c.m.). In addition, we have also measured 
excitation functions for the differential cross sections and for the 20T tensor analyzing 
power. 
3. We have analysed our experimental results using optical model potential that contained the 
central, spin-orbit, and tensor RT  potentials. Each potential had both real and imaginary 
components.  
4. We have found that five of the optical model parameters could be fixed and that three could be 
described using mass-dependent formulae. The remaining 10 parameters were varied to 
optimise the fits to the experimental data for individual energies and target nuclei.  
5. Our analysis resulted in determining the central, spin-orbit and tensor potentials for 
the deuteron-nucleus interaction.  
6. In particular, we have found that the imaginary spin-orbit component was necessary to 
improve the fits to the data thus confirming the earlier results of Goddard and Haeberli (1977).  
Abstract: Angular distributions of the differential cross-sections 0σ  and analyzing 
powers 11iT , 20T , 21T and 22T  have been measured for the elastic ),( dd

scattering from 
60Ni and 90Zr over a wide range of scattering angles. The incident deuteron energies 
were at 9, 12 and 15 MeV for 60Ni nuclei and 10, 11, 12 and 15 MeV for 90Zr. Excitation 
functions for 0σ and 20T  have been also measured at 175°(lab) in the approximate 
energy range of 6-13 MeV for both target isotopes. The experimental results have been 
analysed using the optical model with the complex central, spin-orbit and tensor RT  
potentials. Excellent fits to all experimental angular distributions have been obtained. 
The main features of the excitation functions have been also well reproduced. Out of the 
total of 18 parameters describing the interaction potential, five could be fixed and three 
could be constrained by simple mass-dependent functions. Further evidence for the 
presence of an imaginary component of the spin-orbit and tensor potentials is supplied 
by the analysis of the present data. 
 
Introduction 
The central part of the nuclear interaction, which can be studied using angular 
distributions of the differential cross sections, is relatively well known. Some 
information on the spin-depended forces can be also obtained by analyzing 
differential cross sections but a more reliable way is to measure and analyse the 
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distributions of analyzing powers. In particular distributions of tensor analyzing 
powers can yield information not only about spin-orbit but also about tensor forces.   
Spin-orbit forces are relatively well known for deuterons but usually only a real 
component is used in analyses of experimental data. Goddard and Haeberli (1978) 
found evidence for the presence of the imaginary component. These authors measured 
and analysed angular distributions for deuteron scattering from medium weight nuclei in 
the energy range of 10-15 MeV. They have found that the fits to the data can be 
improved significantly if an imaginary component is included in the spin-orbit 
interaction. The depth of the imaginary spin-orbit potential used in their calculations 
was about a half of the real component. Both components had the same sign. 
Much less is known about the tensor interaction because to study it one needs to 
have good quality data for the tensor analyzing powers. Unfortunately, such data are 
scarce. 
In our study we have carried out precise measurements of the differential cross 
sections and of all four analyzing powers 11iT , 20T , 21T and 22T  with the aim to study 
the details of spin-orbit and tensor interactions. 
The experimental method and results 
The experimental method and procedure was described in Chapters 15 and 17. 
Briefly, the measurements were made using the ETH atomic beam polarized ion source 
(see the Appendix G) and the EN tandem electrostatic accelerator. Targets consisted 
of approximately 1 mg/cm2 self-supporting foils of enriched isotopes with the 
enrichment greater than 98%. To allow for a simultaneous detection of scattered 
particles on both sides of the beam, the targets were mounted at 90° to the beam 
direction for the forward and the backward angle measurements, and rotated by 45° for 
the intermediate angles. Four silicon surface-barrier detectors were mounted on both 
sides of the beam line, 7.5° apart and 25 cm from the centre of the chamber. 
The differential cross sections were derived directly from the yields obtained in the 
measurements of the analyzing powers. The absolute normalization was determined 
by measuring Rutherford scattering of 4 MeV deuterons at a number of angles below 
60° (lab). An overall normalization factor was included in the optical-model calculation 
and was allowed to vary during the search procedure. The normalization of the 12 MeV 
data for 60Ni had to be changed by 10%. For all other measurements, the change was less 
than 3%. 
The experimental angular distributions are shown in Figures 23.1-23.3 and the 
excitation functions in Figures 23.4-23.7. They are compared with the optical-model 
calculations discussed in the next section. Where no error bars are shown, the 
uncertainty is smaller than the size of the experimental points. 
The optical-model analysis 
We have carried out optical model analysis using nuclear potential, which included 
not only the usual central part but also spin-orbit and tensor interactions. The 
parameterization of the optical model potential has been described earlier but it is 
convenient to list explicitly the components used in our analysis of 60Ni and 90Zr data.  
The components of the optical model potential incorporate the form factor ),,( ii arrf , 
which is defined as: 
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completely each component of nuclear interaction. 
The nuclear potential used in our calculations had the following form: 
)()()()( ..0 rUrUrUrU Tos ++=  
where )(0 rU is the central part of the optical model potential, )(.. rU os the spin-orbit 
part, and )(rUT  the tensor part.  
),,(4),,()( 000000 arrfdr
dWaiarrVfrU D ′′′−−=  
LS ⋅


 ′′+=
dr
arrdfiW
dr
arrdfV
r
rU ososososososos
),,(),,(1)( ............
2
.. π  
where 2π is the square of the pion Compton wavelength, 
2
2
2 2 fm
cm
=





=
π
π


 
The tensor interaction can be constructed using the following three terms: 
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where p is the relative momentum. 
Earlier studies (Goddard 1977; Keaton and Armstrong 1973; Stamp 1970) suggested 
that the important tensor interaction is represented by the RT  term. We have 
therefore used only this term in our calculations. The form of the tensor part of our 
optical model potential was as suggested by Keaton and Armstrong (1973): 
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It is convenient to summarize the full complement of the 18 parameters describing 
the nuclear interaction as used in our calculations. This summary is presented in 
Table 23.1 
Table 23.1 
Summary of the parameters describing nuclear interaction used in the optical model analysis of the 
elastic scattering of polarized deuterons from 60Ni and 90Zr nuclei 
 Real component Imaginary component 
Central potential 00 ,, arV  00 ,, arWD ′′  
Spin-orbit potential ...... ,, ososos arV  ...... ,, ososos arW ′′  
Tensor potential TRTRTR arV ,, .  TRTRTR arW ′′ ,, .  
 
 
Figure 23.1. Angular distributions of the differential cross sections (left-hand side) and vector 
analyzing powers, 11iT , (right-hand side) for the elastic scattering of deuterons from 60Ni and 90Zr 
nuclei. Experimental results (points) are compared with the optical-model calculations (solid lines) 
generated by the potential parameters listed in Tables 23.2 and 23.3. If not shown, the error bars are 
not larger than the experimental points. 
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Figure 23.2. Angular distributions of the tensor analyzing powers 20T , 21T for the elastic scattering of 
polarized deuterons from 60Ni and 90Zr nuclei. See the caption to Figure 23.1. 
 
 
Figure 23.3. Angular distributions of the tensor analyzing powers 22T  for the elastic scattering of 
polarized deuterons from 60Ni and 90Zr nuclei. See the caption to Figure 23.1. 
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Figure 23.4. Energy dependence of the differential cross sections for the elastic ),( dd

scattering 
from 60Ni measured at 175° are compared with the optical-model calculations. Theoretical curves 
correspond to parameters listed in Tables 23.2 and 23.3.  
 
 
Figure 23.5. Energy dependence of the tensor analyzing power 20T for the elastic ),( dd

scattering 
from 60Ni. See the caption to Figure 23.4. 
 
 
Figure 23.6. Energy dependence of the differential cross sections for the elastic ),( dd

 scattering 
from 90Zr measured at 175° are compared with the optical-model calculations. Theoretical curves 
correspond to parameters listed in Tables 23.2 and 23.3.  
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Figure 23.7. Energy dependence of the tensor analyzing power 20T  for the elastic ),( dd

scattering 
from 90Zr measured at 175° are compared with the optical-model calculations. Theoretical curves 
correspond to parameters listed in Tables 23.2 and 23.3. 
 
Table 23.2 
Fixed parameters and parameters described by mass-dependent formulae as used in the optical 
model analysis of the elastic scattering of polarized deuterons from 60Ni and 90Ze nuclei 
 Real Component Imaginary Component 
Central V  * DW  * 
0r  1.14 0r′  
 
3/1
3/1
85.020.1
07.069.1
−+
−
A
A
 
0a  0.8 0a′  
3/1
3/1
10.229.1
14.020.0
−−
+
A
A
 
Spin-orbit 
..osV  * ..osW  2.0 
..osr  * ..osr′  0.9 
..osa  * ..osa′  0.55 
Tensor 
TRV  * TRW  * 
TRr  
3/1
3/1
16.129.1
075.089.1
−+
−
A
A
 TR
r′  * 
TRa  * TRa′  * 
The asterisk (*) refers to parameters that could be neither fixed nor described by mass-
dependent formulae. These parameters are listed in Table 23.3. The two, alternative mass-
dependent formulae for 0r′ , 0a′ , and TRr  give almost identical values for these parameters 
(see Table 23.4). 
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Table 23.3 
Individually adjusted optical model parameters used in the optical model analysis of the elastic 
scattering of polarized deuterons from 60Ni and 90Ze nuclei 
 
The final sets of parameters, which yield the best fits to the experimentally measured 
differential cross section and the analyzing powers are listed in Tables 23.2 and 23.3. 
Parameters which could be fixed or which could be described by simple analytic 
formulae are listed in Table 23.2. All the remaining parameters, which had to be 
individually adjusted to optimise the fits at the relevant energies and for given target 
nuclei are shown in Table 23.3 
Results of our optical model calculations are compared with the experimental angular 
distributions in Figures 23.1-23.3. As can be seen, there is a generally excellent 
agreement between the theoretical calculations and the experimental results.  
Calculations for the excitations functions are shown in Figures 23.4-23.7. Here, the 
agreement is less satisfactory but in general the main features are reproduced.  
The imaginary spin-orbit interaction has a strong influence on the calculations. By 
introducing this component, we were able to reduce the χ2 values by an average of 
about 40%, mainly by improving the fits to the differential cross sections, which was both 
unexpected and surprising. The only observed quantity with an equal or worse χ2 value is 
21T , which is expected to be sensitive mainly to tensor forces, but less to the central or 
spin-orbit potentials (Hooton and Johnson 1971).  
 
Table 23.4 
Parameters calculated using two alternative mass-dependent formulae listed in Table 23.2 
 60Ni 90Zr 
3/1
0 07.069.1 Ar −=′  1.42 1.38 
3/1
0 85.020.1
−+=′ Ar  1.42 1.39 
3/1
0 14.020.0 Aa +=′  0.75 0.83 
3/1
0 10.229.1
−−=′ Aa  0.75 0.82 
3/1075.089.1 ArTR −=  1.60 1.55 
3/116.129.1 −+= ArTR  1.59 1.55 
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In the present analysis, it has been possible to reduce the number of the free parameters 
from 18 to 10. The resulting fixed or mass-dependent parameters are listed in Table 23.2. 
This table contains five energy- and mass-independent parameters and three mass-
dependent parameters. The two alterative formulae for 0r′ , 0a′ , and TRr  give almost 
the same values for these parameters (see Table 23.4) 
Our mass-dependent formula for 0r ′  may be compared with the formulae derived by 
Perrin et al. (1977) and Griffith et al. (1977): 
3/1
0 85.020.1
−+=′ Ar   (our formula) 
3/1
0 75.015.1
−+=′ Ar                  (Perrin et al. 1977)  
EAr 004.085.025.1 3/10 −+=′
−   (Griffith et al. 1977) 
The formula of Griffith et al. (1977) shows negligible energy-dependence, in 
agreement with our results.  
Both the present and previous analyses show that the diffuseness 0a′  of the imaginary 
central potential is energy independent. Initially this parameter was allowed to vary. 
However, when the convergence was achieved, it was found that the resulting values 
could be described by a simple linear relation expressed in terms of 3/1A or 3/1−A .  
It is worth mentioning that this parameter influences mainly the normalization of the 
differential cross section. This correlation has been discussed Dickens and Perey (1965).  
The radius TRr of the real component of the tensor potential decreases slightly with the 
increasing energy. The fits, however, have been found to be rather insensitive to this 
parameter. The mass-dependent but energy-independent formula for this parameter 
gives good representation of this parameter.  
The remaining ten parameters were allowed to vary during the final search. As the 
fits to the experimental data are sensitive to small changes in the depth V of the central 
potential, this parameter was never kept fixed. However, the depth V can be described 
by an analytic expression, which gives an excellent overall description of its mass 
dependence: 
..
3/1 8.04.195 mcEZAV −+=
−  
where ..mcE is the centre-of-mass energy in MeV. This relation is in agreement with 
the formulae found by Perrin et al. (1977) and Griffith et al. (1977) 
The other nine parameters depend on the mass of the target nucleus and on the 
incident deuteron energy. Some systematic behaviour can be noticed for the depth 
and the radius of the imaginary tensor potential. They both decrease with the 
increasing energy. The depth of the imaginary central potential also increases slightly 
with the increasing energy but its value is around 13 MeV in agreement with the results of 
Perrin et al. (1977).  
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Summary and conclusion 
We have carried out precise measurements of the angular distributions for the five 
observables: )(0 θσ , )(11 θiT , )(20 θT , )(21 θT and )(22 θT . Our energy range was 9-15 
MeV and angular range 400-1600 (c.m.) We have also measured excitations 
functions for the differential cross sections,σ0 , and the tensor analyzing power, 20T .  
We have carried out optical model analysis of our experimental results using a 
six-component optical model potential made of the central part with the surface 
absorption; the spin orbit part containing both real and imaginary components; 
and the tensor TR part also containing both real and imaginary components. The 
potential was described by a total of 18 components. However, we have found 
that five of them ( 0r , 0a , ..osW , ..osr′ and ..osa′ ) could be fixed for the two target nuclei 
and for the incident deuterons energies. Three additional parameters 0r′ , 0a′  and 
TRr  could be described by mass-dependent formulae. We have found two 
alternative but equivalent formulae for each of these three parameters 
depending either on 3/1A  or 3/1−A . 
Our spin-orbit parameters of the imaginary component are similar to those used 
by Goddard and Haeberli (1978). These parameters have a significant effect on 
the quality of fits to the experimental distributions. Thus, we have confirmed the 
earlier finding (Goddard and Haeberli 1978) that the imaginary spin-orbit 
component plays a significant role in optical model analyses of experimental 
data.   
Measured tensor analyzing powers are reproduced very accurately by including a 
complex tensor TR potential. Its parameters, however, could not be determined very 
precisely.  
Fits to the 22T  tensor analyzing powers get worse with the increasing energy. It has 
been suggested earlier that theoretical angular distributions of 22T  depend strongly on 
the central and the spin-orbit potentials (Hooton and Johnson 1971; Johnson 1977). 
Consequently, we suggest that these potentials may have some additional or an 
alternative structure. A possible way of improving the fits to the 22T distributions would be 
to use different shapes for these potentials or to introduce an l - dependent potential 
(Rawitscher 1977). 
In general, we have obtained excellent fits to the angular distributions. Our study has 
resulted in important information not only about the central nuclear interaction but 
also about spin dependent potentials, including tensor interaction.  
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24 
Global Analysis of Deuteron-nucleus Interaction  
 
Key features:  
1. This study represents the first and the most extensive study of the deuteron-nucleus 
interaction. It includes not only the differential cross sections 0σ  but also the 
analyzing powers, 11iT , 20T , 21T and 22T  measured and analysed for a wide range of 
target nuclei, A = 40 – 90. 
2. Experimental results have been analysed using the optical model containing not only the usual 
complex central part but also complex spin-orbit and tensor components. 
3. In general, we have obtained excellent fits to the experimental data. 
7. We have found global description for all 18 optical model parameters.  All optical model 
parameters can be represented either by fixed values or the values calculated using simple 
mass-dependent formulae. Such global description is useful in analyses of transfer reaction 
data. 
4. We have also found that both components of the central potential depend on the gamma 
transition probabilities. 
 
Abstract: Angular distributions of the differential cross-sections )(0 θσ and analyzing powers 
)(11 θiT , )(20 θT , )(21 θT and )(22 θT  for the elastic scattering of 12 MeV polarized deuterons 
were measured in the angular range of 20°-175° (lab) using a wide range of spin-zero target 
nuclei with mass numbers A = 40 – 90. The data were analysed using optical model potential 
with complex central, spin-orbit and tensor terms. With a few exceptions, excellent fits have 
been obtained to all measured angular distributions, yielding a set of global optical model 
parameters. The depths of the central part of the optical potentials have been found to depend 
on the structure of the target nuclei. Contrary to the results for selenium, which exhibit clear 
shell-closure effects, the data for N = 28 nuclei do not exhibit any clear shell-closure 
correlation. This feature is attributed to interactions with higher configurations in this region. 
Irregularities in the optical-model parameters and problems in fitting the experimental results 
are discussed. Possible ways of improving theoretical description is to include coupling 
between elastic and reaction channels. 
 
1. Introduction 
Encouraged by our successful analysis of experimental data for the 60Ni and 90Zr nuclei 
(see Chapter 23) we have extended our study of spin-dependent forces to other target 
nuclei. To support this study we have carried out measurements of the angular 
distributions of the differential cross sections )(0 θσ and of all four analyzing powers 
)(11 θiT , )(20 θT , )(21 θT and )(22 θT  for 46, 48, 50Ti, 52, 54Cr, 54, 56Fe and 58Ni isotopes. In our 
global analysis of the data we have also included the previously measured distributions for 
60Ni, 90Zr and 76,78,80,82Se isotopes.  
Experiment 
The experimental method and procedure have been already fully described in 
Chapters 15 and 17. The targets in the present measurements were in the form of 
isotopically enriched self-supporting foils (see Table 24.1). The 46Ti and 50Ti targets 
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contained substantial admixtures of 48Ti. Scaled contributions from this isotope, known 
from independent measurements, were subtracted from the measured values. 
Some targets were found to have small (0.2%-0.7%) additional impurities of heavy 
elements such as W, Pt or Hg. These impurities were determined quantitatively by 
an analysis of proton induced X-rays (Bonani et al. 1978). Corrections due to the 
heavy-element impurities are only necessary at forward angles where the elastic 
peaks for the medium-heavy and the heavy nuclei could not be resolved. For the 
analyzing powers, the contributions from heavy elements are insignificant in this region. 
 
Table 24.1 
Isotopes used in our study 
 
 
The absolute normalization of the differential cross section was determined from 
measurements of the Rutherford scattering of low-energy deuterons at forward 
angles. Corrections for the impurities in the target materials have been taken into 
account in the evaluation of the absolute values of the cross sections. The un-
certainty in the absolute normalization varies in the range of 5-10% for various targets. 
For the analyzing powers the statistical error was kept below 0.005. The uncertainties 
due to the inaccuracy in the scattering angles, the final geometry and the absolute values 
of the beam polarization have also been included. All these contributions, however, 
were small.  
Experimental results 
The experimental results together with optical-model calculations are shown in 
Figures 24.1 to 24-5.  
Figure 24.1 shows nuclei with the same number of protons (Z = 22) but different number 
of neutrons (N = 24, 26 and 28).  In the simple shell model description, two protons are in 
the 1f7/2 orbit and neutrons are filling in the 1f7/2 sub-shell.  
Figure 24.2 shows nuclei with the same number of neutrons (N = 28, which fill in the sub-
shell 1f7/2) but with different number of protons (Z = 22, 24 and 26) in the 1f7/2 orbits.  
Figure 24.3 shows nuclei with the same number of neutrons (N = 30, which fill in the1f7/2 
sub-shell and with two neutrons in the 2p3/2 orbit) and with different number of protons (Z 
= 24, 26 and 28) in the 1f7/2 orbits.  
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Finally, Figures 24.4 and 24.5 shows results for selenium isotopes from our previous 
study (see Chapter 17). These isotopes contain a fixed number of protons (Z = 34, with 
the last six being outside the closed 1f7/2 sub-shell, i.e. in configurations 2p3/2 and 1f5/2) 
and with different number of neutrons (N = 42, 44, 46 and 48) filling in the 1g9/2 sub-shell.   
The selenium measurements are the only results that show clearly the influence of 
neutron shell-closure in the form of an enhancement of the oscillations of the analyzing 
powers for nuclei approaching neutron number N = 50 (see Chapter 17). This is contrary 
to the usual mass dependence in which the oscillations decrease in amplitude with the 
increasing mass of the target nuclei. As discussed in Chapter 17, the observed 
amplitude enhancement effect for these isotopes has been explained as being due to 
contributions from two-step reaction mechanism.   
The oscillations for the titanium isotopes have approximately equal amplitudes. The 
same is true for nuclei with neutron number N = 30. For nuclei with N = 28, the measured 
amplitudes clearly decrease with the increasing mass number. Thus shell-closure 
effects are much less pronounced in the Z = N = 28 region than for the N = 50 shell. 
 
Figure 24.1. The differential cross section and analyzing powers for the elastic scattering of 12 MeV 
polarized deuterons from the 46,48,59Ti isotopes at 12 MeV. These nuclei contain the same number of 
protons (Z = 22) but different numbers of neutrons (N = 24, 26, and 28).  In the simple shell model 
description, two protons are outside the sd-shell and neutrons are filling in the 1f7/2 sub-shell. The full 
lines are the results of our optical-model calculations. 
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Figure 24.2. The differential cross section and analyzing powers for the elastic scattering of 12 MeV 
polarized deuterons from the 50Ti, 52Cr, and 54Fe isotopes containing a fixed number of neutrons N = 
28, which are closing the 1f7/2 sub-shell, but different numbers of protons (Z = 22, 24 and 26), which 
are filling in the 1f7/2 orbits. The full lines are the results of our optical-model calculations.  
 
 
Figure 24.3. The differential cross section and analyzing powers for elastic scattering of 12 MeV 
polarized deuterons from the 54Cr, 56Fe, and 58Ni isotopes containing a fixed number of neutrons (N = 
30, with the filled-in 1f7/2 sub-shell and with two neutrons in the 2p3/2 orbit) and different number of 
protons (Z = 24, 26 and 28) in the 1f7/2 orbits. The full lines are our optical-model calculations. 
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Figure 24.4. Differential cross section for the elastic scattering of 12 MeV polarized deuterons from 
the 76,78,80,82Se isotopes. These isotopes contain a fixed number of protons (Z = 34, with the last six 
being outside the closed 1f7/2 sub-shell, i.e. in configurations 2p3/2 and 1f5/2) and with different number 
of neutrons (N = 42, 44, 46 and 48) filling in the 1g9/2 sub-shell.  The full lines are our optical-model 
calculations. 
 
 
Figure 24.5. The vector and tensor analyzing powers for the elastic scattering of 12 MeV polarized 
deuterons from selenium isotopes. See the caption to Figure 24.4 
The lack of shell-closure effects in all target nuclei but selenium isotopes could be 
due to an interplay of various effects such as screening by the Coulomb potential, 
variation in the nuclear shapes and irregularities in the filling in of the shells. A recent 
systematic study (England et al. 1982) of 25 MeV α-particle scattering from A = 51-80 
nuclei revealed a breakdown in the shell-closure for 54Fe. Studies of the neutron pick-
up reactions, (p,d) (Suehiro, Finck and Nolen 1979) and (d,t) (England et al. 1980) 
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confirmed this result indicating the presence of p3/2 configuration in the ground-state 
wave function of 54Fe. (The 54Fe nucleus has 28 neutrons and it should have a 
closed 1f7/2 shell.) It is likely that similar irregularities in filling in the 1f7/2 sub-shell occur 
for other neighbouring nuclei. This could explain why no shell closing effects are 
observed for nuclei other than selenium isotopes.  
 
Figure 24.6. The mass dependence of the positions of the measured maxima and minima of the 
vector analyzing power 11iT  at 12 MeV. The dashed lines are to guide the eye. 
In order to see whether the closure of shells can modify the relative phases of the 
analyzing powers, the positions of the maxima and minima for the 11iT  component 
have been plotted against the mass number A in Figure 24.6. It can be seen that even 
for selenium isotopes, the positions of the diffraction patterns follow a linear 
dependence on A indicating that the phases of the analyzing powers are not affected 
by the shell closure. 
Theoretical interpretation of the data 
Details of the optical-model analysis have been described in Chapter 23. Briefly, the 
potential contained complex central, spin-orbit, and tensor parts. There are 18 
parameters defining the nuclear potential (see Figures 24.7 and 24.8 and Table 
24.1) but only 10 of these were varied to fit the data for each isotope. The remaining 
8 parameters were either fixed or adjusted using simple mass-dependent formulae.  
   
 
Figure 24.7. Optical-model parameters for the central potential. Where no errors bars are shown the 
uncertainties in the parameters are smaller than the size of the points. The lines show the mass-
dependent trends. The crosses are the calculated values using the dependence on the )2(EB  
gamma transition probabilities (see the text). 
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Figure 24.8. Optical-model parameters for the spin-dependent components (spin-orbit on the left-
hand side and tensor on the right-hand side of the figure).  The lines show the mass-dependent 
trends. 
Table 24.1 
The global parameters of the optical model potential for the elastic scattering of 12 MeV polarized 
deuterons in the mass range A = 40 - 90  
 Real Component Imaginary Component 
Central V  AV 13.057.84 +=  
3/127.643.68 AV +=  
DW  AWD 067.091.9 +=  
3/1182.372.1 AWD +=  
0r  1.14 0r′   
3/1072.069.1
002.051.1
A
A
−
−
 
0a  0.80 0a′  
3/1137.020.0
003.057.0
A
A
+
+
 
Spin-orbit 
..osV  AV os 045.091.7.. −=  
3/1
.. 12.235.13 AV os −=  
..osW  2.0 
..osr  0.75 ..osr′  0.90 
..osa  0.40 ..osa′  0.55 
Tensor 
TRV  0.89 TRW  1.45 
.TRr  
3/1075.089.1
003.085.1
A
A
−
−
 TR
r′  1.06 
TRa  0.26 TRa′  0.31 
Additional formulae:  AarW 137.0693.12)( 20 +=′′  and 
3/12
0 483.6995.3)( AarW +=′′ . 
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The best agreement between the theory and experiment has been found for the selenium 
isotopes. However, it should be noted that for these nuclei the parameters do not 
follow the same pattern as those obtained for other target nuclei. The results for 50Ti, 
52Cr and 54Fe corresponding to N = 28 were hard to reproduce. Similar difficulties have 
been observed by Goddard and Haeberli (1978) at other deuteron energies. 
In Chapter 23, it was shown that out of the eighteen parameters describing the 
nuclear potential five ( 0r , 0a , ..osW , ..osr′ and ..osa′ ) could be fixed and three ( 0r′ , 0a′  and 
TRr ) could be expressed in terms of simple mass-dependent formulae. This feature 
has been confirmed in the present analysis of the results for a much wider range of 
target nuclei. However, we have now also found that all 18 parameters can be 
represented by either fixed values or the values calculated using simple mass-
dependent formulae. This global form of parameters is summarised in Table 24.1. 
Such global expressions are useful in analyses of transfer reaction data.   
Hjorth, Lin and Johnson (1968) and Lohr and Haeberli (1974) suggested that the 
imaginary part of the central optical model potential is related to the 
)20,2()2( 11
++ →≡ EBEB  γ - transition probabilities. Taking the )2(EB values (expressed in 
fm4) from Stelson and Grodzins (1965) and from Endt and Van der Leun (1978) we have 
found that the parameters for the imaginary components of the central potential can 
be described closely by the following relation: 
[ ] 12/13/1020 )2(5.1056.09.10)( −− ++=′′ AEBZAarWD       (in MeV·fm3) 
A similar dependence has been obtained by Hjorth, Lin and Johnson (1968). However, 
their coefficient (417) for the [ ] 12/1)2( −AEB term appears to be incorrect. Examination of 
their results and their fig. 4 indicates that this coefficient should have a value close to 13, 
which would agree well with our results. 
The values of 0
2
0 )( arWD ′′ extracted from the above formula are represented by crosses 
in Figure 24.7. As can be seen, these values follow closely the corresponding values 
obtained from the optical-model analysis.  
During our investigation, it became clear that the depth of the real part of the central 
potential, V, is correlated with the depth WD in the sense that large values of WD are 
associated with small values of V and vice-versa. Figure 24.7 shows the dependence of V 
on A1/3 and as can be seen, the values obtained from the optical-model analyses (dots) 
show departures from the straight line. An attempt has been made to reproduce these 
changes using a suitable analytic form for V. If the dependence on )2(EB  is ignored, 
then the trend is expressed in the form of the dashed line in Figure 24.7. However, if the 
dependence on )2(EB  and ZA-1/3 are included explicitly, then the least square analysis 
leads to the following relation for V: 
[ ] 12/1..3/1 )2(7.60.11.25.92 −− −−+= AEBEZAV mc             (in MeV) 
The results of this relation are shown as crosses in Figure 24.7. This formula provides 
a good description of the fluctuations in the values of V for various targets except for 
40Ar where calculated V value is much too small. 
The above relations demonstrate clearly a strong correlation between potential depths V 
and WD. Using these two relations it is easy to see that the correlation between V and 
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WD in the mass range of A = 40 - 90 can be expressed conveniently by the following 
approximate relation: 
..
3/15.2100 mcD EZAWV −+=+
−         (in MeV) 
The parameter values for the spin-orbit and the tensor potentials are shown in Figure 
24.8. Some parameter values are found to fluctuate with mass number of the target 
nucleus. The dashed lines indicate the trends for these parameters. It is possible that the 
observed fluctuations arise partly from an attempt to compensate for shape effects which 
are inadequately described by the form factors for the central potential. 
Summary and conclusions 
The work described here represents the most extensive and systematic study of the 
elastic scattering of polarized deuterons from medium-heavy target nuclei. This study 
demonstrates that suitable sets of optical-model parameters can be found which 
describe accurately all five quantities 0σ , 11iT , 20T , 21T and 22T  measured for nuclei in 
the mass range of A = 40 – 90.  
Of the eighteen parameters used to define nuclear interaction, five were kept fixed during 
the search and three were calculated using simple mass-dependent formulae. However, 
we have also found that all 18 parameters can be conveniently represented either using 
fixed values of the values calculated using simple mass-dependent formulae. Such global 
representation of the optical model parameters is particularly useful in analyses of transfer 
reaction measurements. It simplifies the process of selecting suitable parameters, which 
need to be used in such studies.  
Both, the depths V and WD of the central potential were found to be strongly 
dependent on the structure of the target nuclei. These parameters can be expressed 
conveniently in terms of the )20,2( 11
++ →EB  γ - transition probabilities. We have also 
derived a mathematical correlation between V and WD. 
We have found that it was difficult to describe the results for nuclei with N or Z near 28. In 
particular, the fits for the N = 28 targets, 50Ti, 52Cr and 54Fe, are poorer than for other 
investigated nuclei. A similar problem with 52Cr and 54Fe targets has been reported by 
Goddard and Haeberli (1978). There is now sufficient evidence indicating that the 1f7/2 
neutron shell is not closed for 54Fe (Ν = 28). Thus, the poor theoretical description of 
the data may be associated with structure irregularities in this mass region, and a 
better fit might be obtained by including structure effects, e.g. two-step processes, 
explicitly in the calculation as suggested by my analysis of selenium data (see 
Chapter 17). 
It is possible that the fits could be improved by using different form factors for the central 
potential, other than the conventional Wood-Soxon and its derivative. The inclusion 
of l - dependent potentials could be also considered. However, additional parameters in 
already parameter-rich descriptions appears undesirable. It has been also shown (Kobos 
and Mackintosh 1979) that introducing an l - dependent component is equivalent to the 
imitation of a coupling between elastic and reaction channels. Such a coupling could be 
considered explicitly in the theoretical analysis as described in the next chapter.  
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25 
Collective Excitation Effects in the Elastic Scattering  
 
Key features:  
1. Conventional optical model analyses consider only the single-step ),( dd elastic 
scattering. This has resulted in significant complications when describing the 
interaction potential. For instance, in our analysis (see Chapter 24) we had to use 
nine components of the optical model potential with the total of 18 parameters. 
2. Following my successful study of selenium isotopes (see Chapter 17), I have decided 
to extend my coupled-channels calculations to a wider range of nuclei by including 
explicitly the two-step ),(2),( 1 dddd ′′
+ contributions to the elastic scattering. This 
procedure has now simplified considerably the description of the deuteron-nucleus 
interaction.  
a. The interaction potential can now be described using only three components 
with the total of only 9 parameters. 
b. The imaginary spin-orbit component, which has been found essential in our 
conventional optical model analysis, is no longer required.  
c. Five of the nine parameters describing the deuteron-nucleus interaction can 
now be either fixed for all target nuclei or described using simple mass-
dependent formulae, leaving only four parameters that need to be adjusted to 
optimise the fits to the experimental angular distributions. 
d. The dependence of the potential depths on the )20;2( 211 →
+EB  γ - transition 
probabilities, which has been found repeatedly in various conventional optical 
model analyses, is now eliminated. This dependence, therefore, reflects the 
presence of the second-order processes, which normally are not included in 
analyses of elastic scattering. 
Abstract: The differential cross sections, )(0 θσ and vector analyzing powers, )(11 θiT for 12 
MeV vector polarized deuterons scattered elastically from 40Ar, 46,48.50Ti, 52,54Cr, 54,56Fe, 58,60Ni, 
76,78,80,82Se and 90Zr were analysed using the coupled-channels formalism, which included the 
two-step scattering via the first +12  states in the target nuclei. In contrast with the results of the 
conventional optical model analysis for the same isotopes, there was now no need to include 
the imaginary spin-orbit component in the description of the interaction potential. The 
parameterization of the optical model potential has been significantly simplified and the 
dependence on the γ -transition probabilities, )20;2( 211 →
+EB , has been removed.  
Introduction 
As described in Chapters 23 and 24, in our analysis of polarization data we had to use the 
spin-orbit potential with an imaginary component. However, this component influenced 
also significantly the parameter values of the central potential. We have suggested, that 
the source of this unexpected effect might be due to the generally adopted mathematical 
description of the shape of the nuclear potential using the Woods-Saxon function. Such 
representation might not be sufficiently accurate. However, there is also another 
alternative: the problem might be associated with the assumed simplified reaction 
mechanism for the elastic scattering. The mechanism might be more complex than the 
simple shape scattering used in conventional optical-model calculations.  
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Indeed, in Chapter 17 I have shown that the two-step scattering via the +12 inelastic 
scattering channel plays an important role in the elastic scattering. Without considering 
this process, the depth of the imaginary component of the central potential has to be 
varied to fit the data, which is a crude way of accounting for contributions from indirect 
scattering. I have shown that without coupling to the first excited states, the depth WD of 
the imaginary component of the optical model potential depends linearly on the 
quadrupole deformation parameters β2 derived from the γ -transition probabilities, 
)20;2( 211 →
+EB . However, if the two-step scattering via the inelastic channels is 
considered explicitly in the calculations the need for adjusting the potential depth WD is 
removed and the data can be fitted using a fixed set of the optical model parameters for 
all four selenium isotopes.  
In an earlier work, Rawitscher (1978) considered a folding model with non-symmetric 
break-up processes, which suggested an l - dependent potentials. Unfortunately, this 
kind of approach does not seem practical unless the l - dependence can be 
predicted by theoretical considerations. The number of adjustable parameters, which 
have to be used to describe the elastic scattering of deuterons, is already too large 
and to increase their number is undesirable. Furthermore, in the case of proton 
scattering, it has been pointed out (Kobos and Mackintosh 1979) that the physical 
meaning of the l - dependent potentials is simply to simulate the coupling to reaction 
channels. Consequently, straightforward coupled-channel calculations would appear 
more appropriate. My successful coupled-channels analysis of selenium data 
(Chapter 17) supports this approach.  
The observed dependence of the optical model potentials on the electric quadrupole 
transition probabilities )20;2()2( 211 →=
+EBEB or equivalently on the quadrupole 
deformation parameter 2β  also suggests that it would be better to include explicitly 
the coupling to inelastic channels in analyses of elastic scattering. The )2(EB  
dependence becomes particularly clear for measurements carried out using 
polarized beams. 
A correlation between the )2(EB values and the parameters of the central imaginary 
potential for deuterons was first suggested by Hjorth, Lin, and Johnson (1968). They 
measured the differential cross sections for the elastic scattering of 14.5 MeV 
deuterons from isotopically enriched targets in the mass range of A = 54 - 124 and 
found that the product 0
2
0 )( arWD ′′  (see the next section) depends linearly on 
AEB /)]2([ 2/1 .  
Lohr and Haeberli (1974) carried out measurements of angular distributions of the 
cross sections and vector analyzing powers for the elastic scattering of vector 
polarized deuterons. They had found that the volume integral of the imaginary central 
potential followed a reasonably clear linear dependence on the quadrupole 
deformation parameter 2β  for deuterons in the energy range of 7-13 MeV and over 
the target mass range of 27 - 208. A systematic study of proton elastic scattering on a 
wide range of nuclei also indicated a linear dependence of the depth of the surface 
absorption potential on 2β  (Fabrici et al. 1980).  
Our study in the mass range of A = 40 - 90 suggested that not only the imaginary but 
also the real central potential component depends on )2(EB  (see Chapter 24). Thus, 
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all these results appear to suggest a detectable influence of the inelastic, +12 , 
channel on the elastic scattering. 
It is reasonable to expect that the dependence of the optical model parameters on 
the quadrupole properties of the target nuclei could be accounted for by coupling 
between the elastic and inelastic channels. Consequently, by following the same 
procedure as outlined in Chapter 17 for selenium isotopes it should be possible to 
reduce or even to remove the )2(EB  dependence. My aim therefore was to extend 
my investigation of the two-step mechanism to a wider range of nuclei and hopefully 
to simplify the parameterization of the interaction potential.    
The coupled-channels analysis 
The differential cross sections, Ωdd /)(θσ and vector analyzing powers, )(11 θiT  for 
the elastic scattering of 12 MeV vector polarized deuterons from 40Ar, 46,48.50Ti, 
52,54Cr, 54,56Fe, 58,60Ni, 76,78,80,82Se and 90Zr nuclei have been analysed by considering 
both the direct shape scattering ),( dd and the indirect ),(2),( 1 dddd ′′
+ scattering via 
the first excited states +12 in the target nuclei (see Chapter 17).  The analysis was done 
using the computer code CHUCK and the Australian National University UNIVAC 
1100/82 computer.  
 
Figure 25.1. The experimental angular distributions of the differential cross sections for the elastic 
scattering of 12 MeV vector polarized deuterons are compared with the coupled channels 
calculations, which include explicitly contributions of the two-step ),(2),( 1 dddd ′′
+ mechanism. The 
full lines were calculated using five fixed parameters and searching for the remaining four (V, WD, 0r′  
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and 0a′ ). The dotted lines represent the calculations in which only two parameters, V and WD, were 
varied to optimise the fits to the angular distributions.     
 
Figure 25.2. The experimental angular distribution of the vector analyzing powers )(11 θiT  for the 
elastic scattering of 12 MeV vector polarized deuterons are compared with the coupled channels 
calculations, which included explicitly contributions of the two-step ),(2),( 1 dddd ′′
+  mechanism. See 
the caption to Figure 25.1. 
 
In my preliminary analysis, I have used both real and imaginary spin-orbit 
components. I have found that the imaginary component had no significant effect on 
improving the fits to the angular distributions. Consequently, in the remaining 
calculations I have used a simpler potential: 
)()()( ..0 rUrUrU os+=  
where 
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Table 25.1 
Formulae for the potential depth V 
 V  (MeV) 2χ  
OM 
..
12/13/1 )]2([7.61.25.92 mcEAEBZAV −++=
−−   
CC4  
..
12/13/1 )]2([1.19.17.92 mcEAEBZAV −++=
−−  0.66 
 
..
3/19.12.93 mcEZAV −+=
−  0.67 
CC2 
..
12/13/1 )]2([5.22.22.89 mcEAEBZAV −++=
−−  0.74 
 
..
3/12.24.90 mcEZAV −+=
−  0.76 
OM – The formula based on the conventional optical model analysis, which 
neglects contributions of the two-step scattering. 
CC4 – The two optional formulae based on the coupled-channels analysis, 
which includes the two-step scattering. In these calculations, five optical 
model parameters were fixed and four were searched for. The two 
formulae are obtained by fitting the resulting V values with and without the 
B(E2) component. Both functions resulted in the equivalent descriptions of 
V (cf the χ2 values). 
CC2 – As for CC4 but now coupled-channels analysis was carried out 
using 7 fixed parameters and two searched for.  
χ2 – The parameter, which describes the quality of the fit to the V values. 
The B(E2) values are in e2fm4    
 
Table 25.2 
Formulae for 0
2
0 )( arWD ′′  
 
0
2
0 )( arWD ′′  (in MeV•fm3) 
2χ  
OM 12/13/1
0
2
0 )]2([5.1056.09.10)(
−− ++=′′ AEBZAarWD   
CC4  12/13/1
0
2
0 )]2([1.382.00.11)(
−− ++=′′ AEBZAarWD  1.1 
 3/1
0
2
0 86.05.12)(
−+=′′ ZAarWD  1.2 
CC2 12/13/1
0
2
0 )]2([2.268.07.12)(
−− ++=′′ AEBZAarWD  1.2 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
271 
 
 3/1
0
2
0 68.07.13)(
−+=′′ ZAarWD  1.3 
 
Initially I have searched for all nine parameters. However, I have found that five 
parameters follow the values we have determined earlier in the conventional optical 
model analysis of the data in this mass region. Keeping these parameters fixed at their 
appropriate values, I have repeated the analysis of the data searching on only four 
parameters. Finally, I have fixed two additional parameters and search for only two.  
In the four parameter search, parameters V, WD, 0r′  and 0a′  were searched for 
while the remaining five parameters, 0r , 0a , ..osV , ..osr  and ..osa  were fixed at the 
following values: 0r =1.14 fm, 0a  = 0.8 fm, 
3/1
.. 4.03.6
−−= AV os MeV, ..osr = 0.75 fm and 
..osa  = 0.4 fm. Theoretical predictions corresponding to this series of calculations 
are shown in the form of the full lines in Figures 25.1 and 25.2. As can be seen, 
this simplified potential resulted in excellent fits to the angular distributions. There 
was no need to complicate it by adding an imaginary spin-orbit component. 
In the two-parameter search, I have kept also the 0r′  and 0a′  parameters fixed at 
the values given by the following mass-dependent formulae: 3/10 85.020.1
−+=′ Ar  
and 3/10 10.229.1
−−=′ Aa . This set of calculations was reduced to searching only for 
V, and WD. Results are shown as dotted lines in Figures 25.1 and 25.2. As 
expected for such severe restrictions, the fits to the data were in some cases less 
satisfactory than for the four-parameter search, but surprisingly in many cases 
they resulted in nearly equivalent representations of the experimental distributions.   
Having determined the new sets of parameters based on the coupled-channels 
analysis it was interesting to see how they depended on the electric quadrupole 
transition probabilities. Using the determined parameters, I have carried out the 
least-squares analysis assuming the dependence on 3/1−ZA and [ ] 12/1)2( −AEB . The 
resulting formulae are listed in Tables 25.1 and 25.2 together with the formulae 
derived earlier (see Chapter 24) using conventional optical model analysis, i.e. 
without considering contributions from the two-step scattering. As indicated by the 
χ2 values, the dependence on )2(EB can be removed if two-step contributions are 
included explicitly in the analysis of experimental results.  
Discussion and conclusions 
The formulae listed in Tables 25.1 and 25.2 show that the coupled channels 
calculations affect essentially only the )2(EB part of the functions. Consequently, to 
see the differences between the conventional optical-model and the coupled-
channels calculations it is convenient to separate the )2(EB dependence from the ZA-
1/3 dependence and write V and 0
2
0 )( arWD ′′  functions in the following form: 
21 VVV +=   
210
2
0 )( wwarWD +=′′
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where  
12/1
211 )]2([
−+= AEBaaV   
..
3/1
32 mcEZAaV −=
−   
12/1
211 )]2([
−+= AEBbbw   
3/1
32
−= ZAbw  
 
Figure 25.3. The )2(EB - dependent component of the potential depth V. This plot shows that by 
including the two-step scattering mechanism ),(2),( 1 dddd ′′
+ explicitly in the calculations, the 
dependence on the )2(EB  γ - transition probabilities can be eliminated.  
 
 
Figure 25.4. The )2(EB -dependent component of 0
2
0 )( arWD ′′ . See the caption to Figure 25.5. 
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The plots of the )2(EB -dependent components of V and 0
2
0 )( arWD ′′ , i.e. of V1 and 
w1, are shown in Figures 25.3 and 25.4. These plots show clearly that when the 
two-step mechanism is included explicitly in the calculations, the dependence of 
the optical model parameters on )2(EB  can be removed.  
In summary, I have found that if both the direct ),( dd and two-step ),(2),( 1 dddd ′′
+  
scattering are considered in the analysis of experimental data, the potential 
describing the deuteron-nucleus interaction can be considerably simplified. The 
imaginary component of the spin-orbit interaction, which has been found necessary 
in the previous analysis using the conventional optical model procedure (see 
Chapter 24), is now no longer required. Even though the tensor analyzing powers 
were not included in my calculations, it may be recalled that the main effect of the 
imaginary spin orbit component was in improving the fits to the distributions of the 
differential cross sections. In the present coupled-channels analysis, excellent fits to 
these distributions were obtained without this component. Thus, by including the two-
step scattering mechanism, the deuteron-nucleus interaction can be described using 
a simple potential containing only three components and a total of only 9 
parameters.  
I have found that the potential can be simplified even further by fixing 4 of the 9 
parameters ( 0r =1.14 fm, 0a  = 0.8 fm, MeV, ..osr = 0.75 fm and ..osa  = 0.4 fm) and by 
using a simple mass-dependent formula for one ( 3/1.. 4.03.6
−−= AV os ). Thus, out of 
the total of 9 parameters, 5 can be constrained and only 4 need to be individually 
adjusted to optimise the fits to the experimental angular distributions.  
I have then constrained two additional parameters ( 3/10 85.020.1
−+=′ Ar  and 
3/1
0 10.229.1
−−=′ Aa ) and searched for only two, V and WD. In many cases, the 
resulting fits to the experimental angular distributions were as good as for the four-
parameter search.  
Comparing the present coupled channels analysis with the earlier conventional 
optical model calculations I have found that parameters 0r , 0a , ..osV , ..osr  and ..osa  
have the same values in both cases. Parameters 0r′ and 0a′  also have similar values. 
The essential difference between the two analyses is in the values of the potential 
depths V and WD and in particular, in their dependence on )2(EB .  
If the two-step ),(2),( 1 dddd ′′
+ elastic scattering process is included explicitly in the 
analysis of experimental data, the dependence of V and WD on the )2(EB  γ - 
transition probabilities can be eliminated. The interpretation of the )2(EB dependence 
observed in earlier conventional analyses appears now to be clear: it simply reflects 
the previously unaccounted for effects of higher order processes in the elastic 
scattering, which are mainly due to the two-step scattering via the first +12 states in 
the target nuclei.  
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26 
A Study of 97,101Ru Nuclei  
 
Key features:  
1. This study resulted in extensive spectroscopic information about the 97Ru and 101Ru 
isotopes. 
2. A total of 38 states have been observed, with 30 of them for the first time. Excitation 
energies to these states have been determined with an accuracy of ±7 keV. 
3. A total of 30 angular distributions have been measured and analysed using the 
distorted wave theory of direct nuclear reactions. Spectroscopic factors and orbital 
angular momenta have been determined for all of these states. In addition, spins and 
parities were assigned to states with l = 0, 4, and 5.  
4. The ground state Q0 - value for the 96Ru(d,p)97Ru reaction have been determined for the 
first time with high accuracy of ±0.003 MeV. The determined value is 5.886±0.003 MeV 
Abstract: The neutron single-particle strength distributions for the nuclei 97Ru and 101Ru have 
been investigated using the (d,p) reaction at deuteron energy of 11.5 MeV, with an overall 
experimental resolution of approximately 25 keV. Angular distributions of proton groups 
leading to sixteen final states in both nuclei were measured in the angular range of 15.00 to 
67.50. The measured cross sections are analysed in the framework of the distorted waves Born 
approximation to deduce the l - values and spectroscopic factors of the states in the residual 
nuclei. The ground-state Q0 - value for the 96Ru(d,p)97Ru reaction has been determined to a 
much-improved accuracy. 
Introduction 
The level structure of the odd ruthenium isotopes has been investigated using γ - and 
β - ray spectroscopy techniques (NDS 1973, 1974a-1974c), and has been shown to be 
complex. Theoretical calculations using various models for these nuclei have been attempted 
and met with varying degrees of success (Goswami and Sherwood1967; Imanishi, 
Fujiwara and Nishi 1973; Kisslinger and Sorensen 1963).  
 
The interpretation of level structure in terms of theoretical models is enhanced by 
information on the location and distribution of the single-particle strengths among the 
levels. The single-particle neutron strength distributions for the heavier isotopes 103Ru 
and 105Ru have been investigated via the (d,p) reaction by Fortune et al. (1971). 
The objective of our study was to obtain similar and much needed information for 
the 97Ru and 101Ru isotopes.   
Experimental procedure and the Q-value determination 
The 11.5 MeV deuteron beam was produced by the Australian National University EN 
Tandem accelerator. The targets consisted of isotopically enriched 96Ru (98%) or 
100Ru (97 %), evaporated using electron beam bombardment onto thin carbon 
backings. The targets were approximately 20 - 50 µg/cm2 areal density, as determined 
by comparing elastically scattered 4 MeV deuterons at forward angles with the 
Rutherford cross section. The absolute cross sections correct to better than 15%.  
Two ∆E-E detector telescopes were used to detect the protons emitted in the (d,p) 
reaction. These detectors were cooled to approximately -20°C. A target monitor detector 
was placed at 90°. All detectors were of the silicon surface barrier type and 
manufactured at the local ANU laboratory. Overall experimental energy resolution was 
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approximately 25 keV. Examples of spectra from the two reactions are shown in Figure 
26.1 for the lab angle of 25°.  
 
Fig. 26.1. Proton spectra for the 96,100Ru(d,p)97,101Ru reactions at the incident deuteron energy of 11.5 
MeV and lab angle of 25°. 
Contaminants identified in the targets are 160, 13C and 12C. Other light contaminants are 
also present in small quantities. The presence of all these contaminants prevented the 
extraction of yields for some states and angles.  
The very thin nature of the ruthenium targets on the thin carbon backings, enabled us to 
make a more accurate determination of the ground-state Q0 - value for the 96Ru(d,p)97Ru 
reaction. At certain angles, protons from the 13C(d,p)14C ground-state reaction were 
observed to have nearly the same energy as those from the 97Ru ground state. The 
ground-state Q0 - value for the 96Ru(d,p)97Ru reaction was determined to be 
5.886±0.003 MeV, which is within the limits of the previously listed value of 5.816±0.100 
MeV (Wapstra and Gove 1971) but now its accuracy has been significantly improved. 
The Q0 - value determined for the 100Ru(d,p)101Ru reaction is consistent with the Wapstra 
and Gove value of 4.581±0.004 MeV.  
The excitation energies for the levels in both isotopes were determined at several angles 
using protons from the (d,p) reactions on 16O, 13C and 12C as calibration points. Angular 
distributions for fifteen levels in each of 97Ru and 101Ru were measured from 15° to 45°, 
and from 52.5° to 67.5° in 5° steps. 
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The distorted wave analysis and results 
Angular distributions for the (d,p) reaction were analysed using the DWBA formalism 
and the computer code DWUCK on the ANU UNIVAC 1108 computer. The calculations 
included a finite-range correction factor of R = 0.657, as well as corrections for the 
non-locality of the optical potentials using non-locality lengths of 0.54 for the deuteron 
channel and 0.85 for the proton channel (see the Appendix E). 
The distorted waves for the incident and exit channels were calculated using optical 
model potentials of the conventional form with a surface absorptive term and a real 
Thomas-type spin-orbit term as defied in Chapter 25. 
The neutron bound-state wave functions were calculated using the same geometry 
as that of the real part of the Woods-Saxon potential for the proton channel in the 
distorted wave calculation. The potential also included a Thomas-type spin-orbit term. 
The depth of the real potential was adjusted to reproduce the experimentally determined 
separation energy of each level. The potential parameters for deuterons, protons and 
captured neutrons are listed in Table 26.1. 
Table 26.1 
Potential parameters used in the distorted wave analysis of the 96,100Ru(d,p)97,101Ru angular distributions 
 
rC – The Coulomb potential used in the calculations is assumed to be caused by a 
uniformly charged sphere with the radius of rC = A1/3. 
a) – The depth of the potential is adjusted to give the correct value of the separation 
energy for a given energy level.  
b) – Calculated using the energy-dependent formula pEV 32.084.59 −= . 
c) – Calculated using the energy-dependent formula pD EW 25.080.12 −= . 
d) – Calculated using the energy-dependent formula pEV 32.087.60 −= . 
e) – Calculated using the energy-dependent formula pD EW 25.034.13 −= . 
 
The relationship between the experimental and calculated cross sections is given by 
thd
djlS
d
d






Ω
=
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
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

Ω
)(),(55.1)(
exp
θσθσ
 
where ),( jlS is the spectroscopic factor, l is the transferred orbital angular momentum,  
j is the transferred total angular momentum, and 1.55 is a zero-range coefficient 
calculated using the Hulthén wave function for deuterons (see the Appendix E).  
The 96Ru and 100Ru isotopes have 2 and 6 neutrons outside the closed N = 50 shell, 
respectively. The shell just above N = 50 is made of 1g7/2, 2d5/2, 2d3/2, 3s1/2, and 1h11/2 
configuration, in that order for the undeformed potential. The stripped neutron can be 
deposited to any of these orbitals.  
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As can be seen from Figures 25.2 and 26.3, the majority of transitions for the 
96Ru(d,p)97Ru and 100Ru(d,p)101Ru reactions display, as expected, the l = 0 and 2 angular 
distributions but l = 4 and 5 angular distributions are also present. In general, the fits 
are good for all the measured distributions.  
A few weakly excited states were observed in the spectra and while their excitation 
energies were extracted, the corresponding complete angular distributions could not be 
obtained.  
 
Figure 26.2. The distorted wave fits to the 96Ru(d,p)97Ru angular distribution data. The l - value for 
transferred neutrons and excitation energies in MeV are indicated. Where error bars are not shown, 
the size of the data point indicates the approximate statistical error in the cross section. 
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Figure 26.3. The distorted wave fits to the 100Ru(d,p)101Ru angular distribution data. See the caption to 
Figure 26.2 
Discussion 
Spectroscopic information extracted from the 96,100Ru(d,p)97,101Ru reactions is summarized 
in Tables 26.2 and 26.3. 
The two target nuclei, 96Ru and 100Ru, have the ground-state spin-parity values of 0+. 
Thus, the orbital angular momenta of the states formed in the (d,p) reaction are uniquely 
determined by comparing their measured angular distributions with the distorted 
wave calculations.  
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For l = 2, there are two configuration options available in the shall outside the closed 
shell N = 50: 2d3/2 and 2d5/2. The distorted wave analysis does not allow to 
distinguish between these two configurations, so unless the spin j is known from 
earlier studies, two values are listed in Table 26.2. For other l values, only single 
configurations are available, so unique spin j assignment can be made with a high 
degree of confidence to the relevant states on the basis of the l values determined 
by the distorted wave analysis.  
97Ru 
Table 26.2 lists the excitation energies, Ex (in MeV), orbital angular momenta, l, as 
determined by the distorted wave analysis, the possible neutron single-particle 
configurations, the total angular momenta, j, and the spectroscopic factors ),( jlS  
determined using the 96Ru(d,p)97Ru reaction. 
 
Table 26.2 
Spectroscopic information for 97Ru obtained using the 96Ru(d,p)97Ru reaction 
Ex l Conf. j ),( jlS   Ex l Conf. j ),( jlS  
0.000 2 2d5/2 5/2+ 0.57  2.080 ?    
0.189  2d3/2 3/2+   2.173 0 3s1/2 1/2+ 0.06 
0.421 4 1h7/2 7/2+ 0.61  2.284 0 3s1/2 1/2+ 0.11 
0.527 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.13  2.350 0 3s1/2 1/2+ 0.02 
0.770 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.05   2 2d3/2, 2d5/2 3/2+, 5/2+ 0.05 
0.908 0 3s1/2 1/2+ 0.58  2.506 0 3s1/2 1/2+ 0.07 
1.477 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.19  2.605 ?    
1.887 5 1h11/2 11/2- 0.57  2.652 0 3s1/2 1/2+ 0.05 
1.929 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.13  2.702 0 3s1/2 1/2+ 0.08 
2.005 ?     3.030 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.09 
Excitation energies are determined with the accuracy of ±7 keV. 
 
The ground state and the states with excitation energies 0.527, 0.770, 1.477, 1.929 and 
3.030 MeV are populated with an l = 2 transfer. The states with excitation energies 
0.908, 2.173, 2.284, 2.506, 2.652 and 2.702 MeV are populated with an l = 0 transfer 
and are assigned the spin-parity 1/2+. The states with 0.421 and 1.887 MeV excitation 
energies are populated with l = 4 and 5 transfers, and are assigned the spins 7/2+ and 
11/2-, respectively.  
The angular distribution for the state with 2.350 MeV excitation energy could be fitted 
using both an l = 0 and 2 transfer, and thus is presumed to be an unresolved doublet. 
The states with 0.189, 2.005, 2.080 and 2.605 MeV excitation energies were only weakly 
populated, and reliable angular distributions could not be extracted. 
The ground state of 97Ru, with spin-parity 5/2+ consistent with the γ-spectroscopy 
measurements of Ohya (1974), is strongly excited in the 96Ru(d,p)97Ru reaction and 
carries most of the observed l = 2 strength. Its spectroscopic factor is similar to that for 
the ground states of the two isotones 93Zr and 95Mo. The first excited state at 0.189 MeV, 
with known spin-parity 3/2+ was observed at only a few angles and was too weakly 
excited to determine the spectroscopic factor, indicating that this state has little d3/2 
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single-particle component in its wave function. Similar results are known for the first 
excited states of 93Zr and 95Mo.  
The 0.421 MeV g7/2 state is observed to have an l = 4 stripping pattern and is the only l 
= 4 transition located in our study for this isotope. Ohya (1974) suggests the presence 
of 7/2+ or 9/2+ at 0.839, 0.879,1.229,1.932, 1.970, 2.186 and 2.755 MeV. In the isotones 
93Zr and 95Mo, the state carrying most of the l = 4 strength is found at 1.477 and 0.768 
MeV respectively. The addition of protons is seen to cause a lowering of the energy of 
the g7/2 neutron orbital.  
The state at 0.908 MeV is strongly excited and carries most of the l = 0 strength. In 93Zr 
and 95Mo, the l = 0 strength is concentrated in states at 0.947 and 0.789 MeV, 
respectively.  
The state at 1.887 MeV excitation energy is the only state exhibiting an l = 5 stripping 
pattern for this reaction and is presumed to have 1h11/2 configuration. In 93Zr and 95Mo, 
the major h11/2 strength is found in the states at 2.040 and 1.949 MeV, respectively. The 
effect of the extra protons on the h11/2 neutron orbital appears to be not as large as on 
the g7/2 configuration. 
101Ru 
Spectroscopic information for the 100Ru(d,p)101Ru reaction is summarised in Table 
26.3. 
Table 26.3 
Spectroscopic information for 101Ru obtained using the 100Ru(d,p)101Ru reaction 
Ex l Conf. j ),( jlS   Ex l Conf. j ),( jlS  
0.000 2 2d5/2 5/2+ 0.35  0.714 ?    
0.127 2 2d3/2 3/2+ 0.02  0.827 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.12 
0.325 0 3s1/2 1/2+ 0.65  0.910 ?    
0.408 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.05  0.976 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.18 
0.535 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.26  1.110 0 3s1/2 1/2+ 0.10 
0.599 4 1g7/2 7/2+ 0.45  1.588 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.12 
0.625 0 3s1/2 1/2+ 0.05  1.695 5 1h11/2 11/2- 0.18 
0.684 0 3s1/2 1/2+ 0.02  1.825 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.04 
 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.04  1.875 2 2d3/2, 2d5/2 3/2+, 5/2+ 0.12 
Excitation energies are determined with the accuracy of ±7 keV. 
 
The ground state and the states with excitation energies of 0.127, 0.408, 0.535, 0.827, 
0.976, 1.588, 1.825 and 1.875 MeV are populated with an l = 2 transfer. The states 
with excitation energies of 0.325, 0.625 and 1.110 MeV are populated with an l = 0 
transfer and are assigned a spin-parity of 1/2+. The states with 0.599 and 1.695 MeV 
excitation energies are populated with l = 4 and 5 transfers, respectively.  
The angular distribution for the state at 0.684 MeV could be reproduced by assuming 
both an l = 0 and an l = 2 transfer, and is presumed to be an unresolved doublet. 
Additional states were observed with 0.714 and 0.910 MeV excitation energies but 
angular distributions could not be extracted. 
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The ground state of 101Ru, determined previously (Fuller and Cohen 1969) to have 
spin-parity 5/2+ is strongly excited in this reaction. The first excited state of 101Ru is at 
0.127 MeV excitation energy and has known spin-parity 3/2+. This state is more strongly 
excited than the 0.189 MeV state of 97Ru, indicating a larger d3/2 single-particle component 
in its wave function. Its spectroscopic factor is similar to that of the first excited state of 
103Pd.  
The state at 0.325 MeV excitation energy is populated strongly and carries most of the 
s1/2 single-particle strength. The state carrying most of the s1/2 strength in 103Pd is found 
somewhat higher, at 0.500 MeV excitation energy.  
The only state exhibiting an l = 4 angular distribution for this isotope was located at 0.599 
MeV excitation energy. The γ-ray measurements indicate many l = 4 states, some with 
low excitation energies. In particular, one with 0.307 MeV excitation energy, which if 
present, would be masked by the strong l = 0 state at 0.325 MeV. In 103Pd the strongest l = 
4 state occurs at an excitation energy of 0.245 MeV.  
The state with 1.695 MeV excitation energy was the only state exhibiting an l = 5 angular 
distribution and is assumed to have 1h11/2 configuration. In 103Pd, the major l = 5 
strength is found lower, in the state with 0.787 MeV excitation energy. 
 
Figure 26.4. The distributions of spectroscopic strength for l = 0, 2, 4 and 5 angular momentum 
transfers in the 96,100Ru (d, p)97,101Ru reactions. 
 
The spectroscopic strengths for the 96,100Ru(d,p)97,101Ru reactions are plotted against 
the excitation energies in Figure 26.4 for various observed l - transfers. The effect of 
the four additional neutrons in the 100Ru core is mainly in lowering the position of the l = 
0 strength and in compressing the l = 2 strength distribution.  
Summary 
The ground-state Q0-value for the 96Ru(d,p)97Ru reaction has been determined to much 
improved accuracy. Twenty states in 97Ru with excitation energies up to 3.030 MeV, 
sixteen not previously observed, and eighteen states in 101Ru with excitation energies up 
to 1.875 MeV, fourteen not previously observed, have been identified. Orbital angular 
momentum transfer values and spectroscopic factors have been obtained for states in 
both 97Ru and 101Ru. In 97Ru six l = 0, six l = 2, one l = 4, one l = 5 and one admixture 
of l = 0 and l = 2 have been assigned. In 101Ru three l = 0, nine l = 2, one l = 4, one l = 
5 and one admixture of l = 0 and l = 2 have been assigned.  
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The distorted wave calculations, using optical model parameters from global 
analyses, provided a good description of the measured angular distributions. The 
neutron single-particle strength distribution for 97Ru is similar to those obtained for the 
isotones 93Zr and 95Mo. The neutron single-particle strength distribution for 101Ru is 
similar to that of the isotone 103Pd, while differing markedly from that of 99Mo. 
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27 
Spectroscopy of the 53,55,57Mn Isotopes and the Mechanism of the 
(4He,p) Reaction 
 
Key features:  
1. A total of 122 excited states have been identified in the 53,55,57Mn isotopes and the 
corresponding excitation energies have been assigned to all of them. Many of the 
states have never been observed before, particularly in 57Mn where we have identified 
38 new states. 
2. We have found that the reaction mechanism depends strongly on the incident 4He 
energy. Most of the angular distributions measured using 18 MeV 4He projectiles are 
associated with an indirect reaction mechanism. In contrast, angular distributions 
measured at 26 MeV show clear direct reaction features.  
3. A total of 95 distributions have been measured using 26 MeV 4He projectiles and 
were analysed using the distorted wave formalism. We have found that at this energy, 
the (4He,p) reaction can be interpreted as a direct transfer of three-nucleon cluster.  
4. The J – dependence have been observed for both L = 1 and L = 3 angular momentum 
transfer.   
5. A total of 46 Jπ  - values have been assigned to states in 53,55,57Mn nuclei. 
6. We have found that many states, which are weakly excited in single transfer reaction, 
are excited strongly in the (4He,p) reaction. New states, which were not previously 
observed in the (3He,d) reaction, have been also accessed by the (4He,p) reaction.  
Thus, this reaction offers an important alternative way to study nuclear structure.  
Abstract: The 50,52,54Cr(4He,p)53,55,57Mn reactions have been studied at 18 and 26 MeV 4He 
bombarding energies. From the 26 MeV data, angular distributions for 95 levels were obtained, 
nearly all of which could be described by the distorted wave procedure assuming a quasi-triton 
transfer process. In contrast, at 18 MeV very few angular distributions could be adequately 
described using the direct reaction mechanism. The J - dependence was observed for both L = 1 
and L = 3 transfers and used to assign Jπ values for many states in 53,55Mn. In 57Mn, 38 new states (in a 
total of 57) were observed and Jπ assignments were made for many of them. The (4He,p) reaction 
mechanism and nuclear structure are discussed. 
Introduction 
The use of the (4He,p) or (p,4He) reactions in nuclear spectroscopy has often been 
limited by an inadequate knowledge of the reaction mechanism and by the need for 
using simplifying procedures in distorted wave analyses of experimental data. 
However, these factors are less restrictive in obtaining spectroscopic information if 
detailed single-proton transfer measurements are available to the same final states. In 
such cases the great attractions of these multi-particle transfer reactions can be more fully 
utilized. Use can be made of their selectivity associated with seniority and isospin, of their 
ability to access complex configurations, and of their applicability to resolve the Jπ 
ambiguity by using the J - dependence (Bucurescu et al. 1972), which is particularly clear 
for the L = 1 angular momentum transfer. Our measurements of the 50,52,54Cr(4He,p) 
reactions at 18 and 26 MeV were undertaken to study the spectroscopy of the 53,55,57Mn 
isotopes and to examine the (4He,p) reaction mechanism in this energy-mass region. 
Both 53Mn and 55Mn have been studied earlier. Katsanos and Huizenga (1967) used 
the (p,p') scattering to study the 55Mn isotope. Tarara et al. (1976) used the 56Fe(p,4He) 
reaction at 14-16 MeV to examine the 53Mn isotope. The single-proton structure of 53Mn 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
285 
 
has been studied with the (3He,d) reaction by O'Brien et al. (1969). The same reaction 
together with the J - dependence for the (7Li,6He) reaction was used by Gunn, Fix, and 
Kekelis (1976) to make Jπ assignments. Rapaport et al. (1969) have used the (3He,d) 
reaction in a study of 55Mn. The preponderance of measured pl  values in these (3He,d) 
studies have been for pl  = 1 and 3. Hence the J - dependence for the L = 1 transfer in 
the (4He,p) reactions can be used to make Jπ assignments. The availability of L = 3 
transitions permits also an experimental test for any similar J - dependence for L = 3 
transfer. The (p,3He) and (d,4He) reactions at 27 and 16.5 MeV, respectively, have been 
used to study low-lying states in 55Mn by Peterson, Pittel and Rudolph (1971) and by 
Peterson and Rudolph (1972). 
At the commencement of the present work no information was available on the excited 
states of 57Mn. However, in the course of our study, Mateja et al. (1976) published their 
results for the 54Cr(4He,pγ)57Mn reaction at 15, 21 and 24 MeV, and Mateja et al. (1977) 
for the 55Mn(t,p)57Mn reaction at 17.0 MeV. They have made several spins assignments 
on the basis of their p-γ angular correlation studies but no proton angular distributions 
were reported.  
The 50,52,54Cr isotopes have 24 protons and 26, 28, and 30 neutrons, respectively. In 
the simple shell model description, the four protons are outside the Z = 20 shell and 
occupy the 1f7/2 orbits. The neutrons assume an interesting set of configurations 
spaning the N = 28 shell: in 50Cr two neutrons are missing to close the N = 28 shell; 
in 52Cr the N = 28 shell is closed; and in 54Cr there are two neutrons outside the N = 
28 shell.  
Thus, in the (4He,p) reaction to low-lying states, the stripped proton may be expected 
to be transferred preferentially to the N = 28 shell, which is made of 1f7/2 orbitals. For 
the stripped neutrons, the most likely transfer for the low-lying states excited in the 
50Cr(4He,p)53Mn reaction is to the 1f7/2 orbital. However, the participation of the 
configurations in the N = 50 shell, i.e. 2p3/2,1f5/2, 2p1/2 and even 1g9/2 are also possible. 
For the 52,54Cr(4He,p)55,57Mn reactions, the two stripped neutrons are less likely to be 
transferred to the 1f7/2 orbital but rather to any configurations in the N = 50 shell, i.e. 
2p3/2,1f5/2, 2p1/2 and 1g9/2. 
Experimental procedure 
The measurements were carried out using two particle accelerators. For the 18 MeV 
measurements, we used 400 nA 4He beam delivered by the ANU EN tandem accelerator. 
Measurements at 26 MeV were carried out using the ANU 14UD Pelletron accelerator.  
For 18 MeV measurements, chromium targets of around 50 µg/cm2 on gold backings were 
produced from enriched material while for 26 MeV self-supporting targets of around 200 
µg/cm2 were used. The reaction products were detected using cooled surface-barrier 
detector telescopes consisting of two or three detectors depending on the beam energy 
and the (4He,p) Q - values. The overall experimental resolution was typically around 32 
keV at 18 MeV and varied from 45 to 60 keV at the higher energy with the forward angle 
data having the better resolution. Special attention was given to minimizing, as far as 
possible, contributions to the resolution from kinematics and target thickness effects. The 
consistency of angular distribution shapes for the same known transitions in all isotopes is a 
good indicator that, even at the higher excitation energies, there is little contribution from 
unresolved components.  
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Examples of proton spectra are shown in Figures 27.1 and 27.2. Figure 27.1 shows the 26 
MeV spectra for the 50,52Cr(4He,p)53,55Mn reactions while Figure 27.2 shows the proton 
spectra for the 54Cr(4He, p)57Mn reaction at both 18 and 26 MeV. 
Energy calibrations for the 53,55Mn isotopes were made using the well-known levels up to 
around 5 MeV in each isotope. The Q - values were determined with accuracy generally 
better than 10 keV. 
 
Figure 27.1. Examples of proton spectra for the reactions 50Cr(4He,p)53Mn and 52Cr(4He,p)55Mn at 26 
MeV. 
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Figure 27.2. Examples of proton spectra for the 54Cr(4He,p)57Mn reaction at 18 and 26 MeV. The 
circled numbers indicate the peaks that either disappear or show considerably reduced intensity at 26 
MeV. 
 
At the commencement of the present work no levels were known in 57Mn so that special 
care was exercised in determining the 57Mn Q - values. Since 52Cr was the major 
contaminant (7%) in the 54Cr targets, the 54,52Cr(4He,p) reactions were run consecutively at 
each angle at both energies. In this way, the 57Mn spectra were calibrated using 55Mn 
levels and contaminants due to 52Cr were removed by subtracting the normalized 
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52Cr(4He,p) spectra. Allowance was made from elastic scattering yields for differences in 
target thickness. The Q - values were determined from the better resolution data at 18 MeV 
and have errors of the same order as the levels in 55Mn. 
Angular distributions were in general measured from 15° to 150° at 18 MeV and from 20° 
to 90° at 26 MeV. The differential cross sections at both energies were determined by 
measuring them relative to known elastic scattering cross sections. For normalization, 
a fixed monitor detector was placed at 45° and counted both the elastic events and the 
inelastic scattering to the first 2+ state of the target. At 26 MeV, the elastic scattering at 
each angle was also recorded in the first detector of each telescope simultaneously 
with the reaction. The absolute elastic scattering cross sections were determined from a 
comparison with Rutherford scattering. The absolute cross section is accurate to around 
7%. 
Data analysis 
The angular distributions for the 50,52,54Cr(4He,p)53,55,57Mn reactions were analysed 
using the distorted wave theory and the computer code DWUCK. The calculations 
assumed a quasi-triton cluster transfer. The transferred triton was assumed to be 
bound in a Woods-Saxon potential and the customary separation energy prescription was 
used. A spin-orbit term was tried in the triton well but did not affect the shapes of the 
calculated angular distributions. 
The optical model parameters used in both channels were taken from the Perey and 
Perey compilation (1974). The 4He-particle parameters were determined by measuring 
elastic scattering angular distributions and analysing them using the optical model with 
volume absorption. An example of fits for the elastic scattering of 4He at 26 MeV is given 
in Figure 27.3. The 4He and triton parameters used in the distorted wave analysis are 
listed in Table 27.1. 
 
Table 27.1 
The 4He and triton parameters used in the distorted wave analysis of the 50,52,54Cr(4He,p)53,55,57Mn 
angular distributions at 18 and 26 MeV 
 
a) Adjusted to match the triton separation energy. 
 
The magnitudes and shapes of the 50,52,54Cr(4He,p)53,55,57Mn angular distributions have 
been found sensitive to the triton well geometry. Good fits to almost all angular 
distributions at 26 MeV were obtained using 0r  = 1.45 fm and 0a  = 0.35 fm for tritons. 
However, in a few cases, to improve the fits it was necessary to deviate from this 
triton geometry. In particular, a0 had to be reduced considerably. These exceptional 
cases are indicated by the dashed lines in Figures 27.4 - 27.8, which show the 
50,52,54Cr(4He,p)53,55,57Mn angular distributions. These cases were not used in extracting 
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the reduced strength information. Furthermore, except for the well-known L = 1 
transitions characterized by a very distinct J - dependence, spins associated with 
calculated distributions for these cases have not been considered as unambiguous 
assignments even for states with known pl  values.  
 
Figure 27.3. Examples of the optical model fits to the elastic scattering of 4He particles at 26 MeV. 
The parameter sets for all these calculations are listed in Table 27.1. 
 
The calculated distributions shown in Figures 27.4 - 27.9 have been normalized to the 
experimental data. The errors shown include both the statistical error and an estimate 
of the uncertainty introduced by the spectrum fitting and normalization procedures. 
The similarities in the shapes of the angular distributions made it in general difficult to 
assign definite spin values unless the pl  transfer was already known. 
Results and discussion 
In general, the (4He,p) distributions measured at 18 MeV were difficult to describe using 
the distorted wave formalism. The distributions, which could be fitted, are displayed in 
Figures 27.4 and 27.5. The displayed pl  values were supplied by the (3He,d) 
measurements. States with large spectroscopic factors in (3He,d) are strongly excited 
in the (4He,p) reaction and even at 18 MeV their angular distributions exhibit the 
direct mechanism over a wide range of angles of at least for θ < 90°. The notable 
examples of this are the strong transitions to the 7/2- and 3/2- states at 0 and 2.413 MeV in 
53Mn and at 0.128 and 2.258 MeV in 55Mn. However, both the 18 and 26 MeV data reveal 
that it is not a necessary condition for a state to have a large spectroscopic factor in a 
single-proton transfer reaction in order to be strongly excited by the (4He,p) reaction. In 
fact, we have found that many states, which are weakly excited in single transfer 
reaction, are excited strongly in the (4He,p) reaction. New states, which were not 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
290 
 
previously observed in the (3He,d) reaction, have been also accessed by the (4He,p) 
reaction.   
 
Figure 27.4. Examples of angular distributions at 18 MeV that could be interpreted using the distorted 
wave formalism. The displayed pl  values were taken from (3He,d) results of O’Brien et al. (1969) and 
Rapaport et al. (1969). 
 
Figure 27.5. More examples of angular distributions at 18 MeV that could be interpreted using the 
distorted wave formalism. The figure also shows examples of angular distributions that could not be 
described theoretically.  
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
291 
 
 
 
Figure 27.6. Angular distributions for the 50Cr(4He,p)53Mn reaction at 26 MeV. The numerical labels 
correspond to the labels used in the proton spectra (see Figure 27.2). The dashed lines are calculated 
using different geometrical parameters (mainly a0) from those listed in Table 27.1 for tritons (see the 
text). The dashed curves were not used to extract the reduced strengths. 
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Figure 27.7. Examples of angular distributions for the 50,52Cr(4He,p)53,55Mn reactions at 26 MeV. See 
the caption to Figure 27.6. 
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Figure 27.8. Examples of angular distributions for the 52,54Cr(4He,p)55,57Mn reactions at 26 MeV. See 
the caption to Figure 27.6. 
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Figure 27.9. Left-hand side: Angular distributions for the 54Cr(4He,p)57Mn reaction at 26 MeV. (See 
also the caption to Figure 27.6.) The right-hand side: Examples of the J - dependence for L = 3.  
 
Figure 27.10. Two examples of strong energy dependence of the reaction mechanism for the (4He,p) 
reaction. Featureless distributions at 18 MeV display clear direct transfer mechanism at 26 MeV.  
 
At 26 MeV, nearly all the angular distributions could be described well by the 
distorted wave theory. These angular distributions are presented in Figures 27.6-27.9. 
Our study revealed that the reaction mechanism for (4He,p) reactions depends strongly 
on the incident energy of 4He particles. Many featureless distributions measured at 18 
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MeV displayed clear characteristics of direct mechanism at 26 MeV. Examples are the 
distributions for the 2.578 and 2.684 MeV in 53Cr shown in Figures 27.10 for 18 and 26 
MeV.  
The 26 MeV data also show a clear J – dependence of the shape of the angular 
distributions for L = 3 (see Figure 27.9). 
Referring to the results for the (3He,d) reactions, pl  = 3 transfers have been located 
at 0.0, 3.110, 3.670 and 4.067 MeV in 53Mn and at 0.128, 1.883, 3.136 and 3.608 MeV 
in 55Mn. The (4He,p) angular distributions for these states can be categorized into two 
groups. One group consists of the ground and 4.067 MeV states in 53Mn shown in Figure 
27.6 and the 0.128 and 1.883 MeV states in 55Mn shown in Figure 27.7. This group is 
characterized by a peak in the cross section at about 35°.  
The second group contains the 3.110 and 3.670 MeV states in 53Mn shown in Figure 27.6 
and the 3.136 MeV state in 55Mn shown in Figure 27.7. The angular distributions for these 
states show less structure than do those of the first group. In particular, they do not 
exhibit a maximum in the cross section at θ = 35°. All these distributions are grouped 
together in Figure 27.9. Based on the distorted wave calculations the first group 
consists of Jπ = 7/2- transfers and the second of Jπ = 5/2- transfers.  
We have also observed a clear J -dependence for L = 1 transfers. This can be seen by 
comparing distributions for Jπ = 1/2- and 3/2- in Figures 27.6 and 27.7. The distribution 
for Jπ = 1/2- display well-defined diffraction structure, which is reproduced reasonably 
well using the distorted wave theory. In contrast, the differential cross sections for Jπ 
= 3/2- decrease virtually smoothly with the increasing reaction angle.   
The 50Cr(4He,p)53Mn reaction 
The results of the present work are compared with those from previous measure-
ments in Table 27.2. The high-resolution 56Fe(p,4He)53Mn measurements of Tarara 
et al. (1976) indicate that there are at least 81 states in 53Mn with the excitation 
energies of up to 5.092 MeV, whereas the (4He,p) reaction at 26 MeV excites only 
nineteen resolvable groups.  
By comparing theoretical and experimental cross sections one can derive the reduced 
strength R values for the (4He,p) transitions. The reduced strength is defined as 
∑
∑
=
θ
θ
θσ
θσ
)(
)(exp
th
R  
where )(exp θσ is the experimental differential cross section at the reaction angle θ and 
)(θσ th is the cross section calculated theoretically using the distorted wave formalism. The 
reduced strengths for the 50Cr(4He,p)53Mn reaction at 26 MeV are shown in Figure 27.11. 
Several theoretical studies of the 53Mn nuclear structure have been made (Benson and 
Johnstone 1975; Lips and McEllistrem 1970; Malik and Scholz 1966; McCullen, 
Bayman, and Zamick 1964; Osnes 1971; Saayman and Irvine 1976; Scholz and 
Malik 1967). The most extensive study was by Benson and Johnstone (1975). Their 
study included the 32/71
−f , 42/71
−f , 2/32 p , 2/12 p , and 2/51 f  configurations. They concluded 
that the lowest 1p-4h states belong to predominantly neutron excitations.  
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Table 27.2 
Spectroscopic information about 53Mn extracted from our study of the 50Cr(4He,p)53Mn reaction at 26 
MeV compared with earlier results 
 
a) See Figure 27.1.  
b) Excitation energies determined by our measurements.  
c) O’Brien et al. (1969) for Ex ≤ 6 MeV; Gunn, Fox, and Kekelis (1976) for Ex > 6 
MeV. 
d) Distributions fitted using altered geometrical parameters for tritons (see the 
text).  
e) Compilation of the orbital angular momentum values for the transferred 
proton (Armstrong and Blair 1965; Čujec and Szöghy 1969; Gunn, Fox, and 
Kekelis 1976; O’Brien et al. 1969).  
f) Compilation of previous spin assignments (Auble and Rao 1970; Armstrong, 
Blair, and Thomas, 1967; Gunn, Fox, and Kekelis 1976; Schulte, King, and 
Taylor (1975); Wiest et al.1971). 
g) Our Jπ assignments. 
h) Differential cross sections for the 50Cr(4He,p)53Mn at 26 MeV measured at the 
most forward angle 0θ . For most states 0θ ≈ 20.80 (c.m.). 
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Figure 27.11. Reduced strengths R for the 50Cr(4He,p)53Mn reaction at 26 MeV. The figure shows also the 
assigned Jπ values. 
 
The first five states of 53Mn at 0, 0.376, 1.288, 1.438 and 1.618 MeV consist mainly of 
the Jf )1(
3
2/7
− configuration with well-known spins of 5/2-, 3/2-, 11/2-, and 9/2-. As such, the 
proton seniority1 (νp) of the 32/71
−f  components is necessarily νp = 3 for these states.  
The excitation of the 1.288 MeV state in both the (3He,d) and (4He,p) reactions might be 
associated with a 2/30
4
2/7 2)1( pf
− component present due to the close proximity of the 2/32 p  
single-particle state. The angular distribution for this state could not be fitted satisfactorily 
with the distorted wave procedure and as a consequence cannot rule out a more 
complicated excitation process. However, the same fitting problems were encountered 
with all 3/2- distributions in 53Mn, including the distribution for the state at 2.413 MeV, 
which can be identified with the 2.5 MeV state predicted by Benson and Johnstone. 
According to the same calculations, the 2.578 MeV level, assigned 7/2-, is probably formed 
from two-neutron excitation out of the 2/71 f , shell. This could explain both the excitation 
of this state in the (4He,p) reaction and its non-population in the single-proton transfer 
reaction. The calculation also predicts two 1/2- states at 2.56 and 3.4 MeV and a 5/2- 
state at 3.1 MeV. These could be identified with the levels observed at 2.684, 3.460 and 
3.110 MeV, respectively. The distorted wave calculations have reproduced these angular 
distributions satisfactorily. 
The 52Cr(4He,p)55Mn reaction 
Spectroscopic information for the 55Mn nucleus is summarized in Table 27.3. 
A comparison of proton spectra in Figure 27.1 shows that many more states are excited 
in 55Mn than in 53Mn for levels of up to 4.1 MeV excitation energy. In fact, there are 
19 groups in the 55Mn spectrum up to 4.086 MeV (peak 19) compared to 10 groups 
in the 53Mn spectrum. The larger density of states in 55Mn is not surprising considering 
                                               
1 The number of unpaired fermions. 
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that 53Mn has a closed N = 28 neutron core whereas the two added neutrons in 55Mn 
have access to the f-p orbitals. The prominent gap in the 53Mn spectrum between the 
ground state and the 2.413 MeV level (peaks 1A and 2) is broken only by the weakly 
excited 1.288 MeV level (peak IB). However, in 55Mn there are five states excited 
between the strongly excited 7/2- and 3/2- levels (peaks 1 and 7). In both nuclei, the 
low-lying 5/2- states at 0.376 MeV in 53Mn and for the ground state in 55Mn are absent in 
the 26 MeV spectra. 
Table 27.3 
Spectroscopic information about 55Mn extracted from our study of the 52Cr(4He,p)55Mn reaction at 26 
MeV compared with earlier results 
 
a) See Figure 27.1. 
b) Our work. 
c) Katsanos and Huizenga (1967). 
d) Could be fitted only by readjusting triton parameters. See the text. 
e) Katsanos and Huizenga (1967) and Kocher (1976). 
f) Jπ assignments based on our work. 
g) 0θ = 23.40 (c.m.). 
h) Suspected doublet (Kocher 1976). 
i) Discussed in the text. 
j) Assignment based on the (d,n) reaction (Kocher 1976). 
 
An interesting feature of the 55Mn spectrum is the presence of several strongly excited 
states above 4.7 MeV (peaks 23 to 27). At all angles measured in our study, the state 
at 5.498 MeV (peak 25) dominated the 26 MeV spectra. It is interesting to note that 
similar dominant peaks have been observed in 61,63,65,67Cu isotopes following the (4He,p) 
reaction at 19.3 MeV bombarding energy (Bucurescu et al. 1972). Convincing Jπ = 9/2+ 
assignments were made for these states. It can be seen in Figure 27.8 that in our 
study, the angular distribution for the 5.498 MeV state can also be well reproduced by 
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Jπ = 9/2+. A state at the same excitation energy has been previously assigned 
(Rapaport et al. 1969) an pl  = 3 transfer. This would suggest spin Jπ = 3/2- or 5/2- for 
this state. However, in our study no fit to the data could be obtained using such 
values unless the triton diffuseness was reduced to 0.1 fm. 
Reduced strengths for states in 55Mn excited via 52Cr(4He,p)55Mn reaction at 26 MeV are 
displayed in Figure 27.12. 
 
Figure 27.12. Reduced strengths R for the reaction 52Cr(4He,p)55Mn reaction at 26 MeV. The figure 
shows also the assigned Jπ values. 
 
The energy level at 1.291 MeV excitation energy (peak 3) is of particular interest. There is a 
considerable uncertainty about the nature of this level (see Chapter 28). Our (4He,p) 
measurements at 26 MeV indicate that there is a doublet with Jπ = 1/2- and 11/2- at this 
excitation energy. As can be seen in Figure 27.7, the angular distribution for the 
52Cr(4He,p)55Mn reaction leading to this state show a pronounced maximum and 
minimum at the same angles as observed for other Jπ = 1/2- transitions. We have 
calculated two angular distributions for this state using the distorted wave formalism, 
one corresponding to Jπ = 1/2- and one for Jπ = 11/2-. We have then applied a least 
squares procedure to fit the experimental angular distribution for this state using the two 
calculated theoretical shapes. The resulting fit is displayed in Figure 27.7 by a full line. 
The absolute values of the theoretical cross-sections at θc . m .  = 23° are 12 and 10 
µb/sr for the Jπ = 1/2- and 11/2- components, respectively 
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The 2.197 MeV state was not populated strongly in single-proton transfer reactions. Our 
study shows that angular distribution for the 52Cr(4He,p)55Mn reaction leading to this state 
can be fitted using Jπ = 7/2- (see Figures 27.4 and 27.7) In contrast with its weak 
excitation in the (3He,d) reaction, its intensity (peak 6) in the (4He,p) reaction is 
comparable to the intensity of the 7/2- level at 0.128 MeV (peak 1).  
The adopted level scheme (Kocher 1976) shows two states at 2.727 and 2.753 MeV 
with spins of 7/2- and (5/2-, 7/2-), respectively. In our study, the peak observed at 2.741 
MeV could therefore be regarded as a doublet. However, the (4He,p) angular 
distribution has been fitted with just one Jπ value (Jπ = 7/2-).  No improvement to the fit 
was obtained by using combinations of Jπ = 3/2- and 5/2-  or 3/2-  and 7/2-.  
The level  at 2.980 MeV is supposed to have spins 3/2+ or 5/2+ (Kocher 1976; Rapaport 
et al. 1969). We have tried both of them without any success.  
Early shell-model calculations (McGrory 1967; Vervier 1966) of the structure of 55Mn 
confined protons to the 1 f 7 / 2  shell. This is an inadequate treatment as indicated by the 
number of easily reproducible Jπ = 3/2-  transitions observed in the earlier (3He,d) data 
and in our (4He,p) measurements. Moreover, the existence of a 1/2- level at about 
1.291 MeV, which is needed to reproduce our (4He,p) angular distribution and the 
data of Peterson, Pittel, and Rudolph (1971) and Peterson and Rodolph (1972) can be 
only predicted if proton excitation into the f-p shell is included. However, their 2p-3h plus 
3p-4h calculations fail to predict the close proximity of the strong 3/2- state at 2.258 
MeV and the 7/2- state at 2.197 MeV. They also predict that much of the 2p1/2 strength is 
at 2.46 MeV while the (4He,p) data indicate that the L = 1 transfers around this energy 
correspond to Jπ = 3/2-. 
The 54Cr(4He,p)57Mn reaction 
The Q - values for states in 57Mn were determined using the 18 and 26 MeV data and the 
energy calibrations obtained for the 55Mn spectra, which were taken under the same 
experimental as for the 57Mn measurements. From the 18 MeV data, the ground-state 0Q - 
value for the 54Cr(4He,p)57Mn reaction is 
0Q  = -4.302± 0.008 MeV. 
This value is in agreement with the value reported by Mateja et al. (1976). These authors 
measured proton spectra at a few angles for the 54Cr(4He,p)57Mn reaction. The 
discrepancy between the 0Q -value determined from our (4He,p) data and the value 
reported by Gove and Wapstra (1972) can be removed if the data of Ward, Pile, and 
Kuroda (1969) on the β - decay of 57Mn is reinterpreted by requiring the 83% branching 
mode to populate the 136 keV level in 57Fe instead of the 14 keV level. 
During the course of our investigation, Mateja et al. (1976) reported on low-lying levels in 
57Mn by using the (4He,p) and (4He,pγ) reactions at 15, 21 and 24 MeV. They have 
identified levels in 57Mn for up to 2.234 MeV excitation energy. The spin assignments made 
on the basis of the (4He,pγ) measurements are in agreement with our spin assignments. 
Of particular interest in the results of Mateja et al. is a pair of states at about 1.06 MeV 
separated by 15 keV and assigned spins of (1/2-) and (9/2-). This feature parallels the 
suspected 1/2- and 11/2- doublet at 1.292 MeV in 55Mn. 
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Table 27.4 
Spectroscopic information for 57Mn  
 
a) See Figure 27.2.  b) Our assignments. c) Mateja et al. (1976). d) Mateja et al. (1977). e) Mateja 
at al. (1976, 1977); Ward, Pile, and Kuroda (1969). f) θ0 = 23.40, Eα = 26 MeV.  
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Results of our work for 57Mn are tabulated in Table 27.4 where they are compared with 
results of Mateja et al. (1976, 1977). A comparison of the spectra presented in Figure 
27.2 with the (4He,p) spectra of Mateja et al. (1976) reveals a discrepancy in the 
number of states excited between 1.378 and 2.188 MeV (peaks 6 and 14). The present 
work indicates the existence of seven levels in this energy interval while Mateja et al. 
(1976) found none. This may be explained partly by the differences in bombarding 
energies and partly by statistics. It should be noted, however, that all these additional 
states have been excited in their subsequent work (Mateja et al. 1977) using the (t,p) 
two-neutron transfer reaction and have been well reproduced by the distorted wave 
theory.  
In general, it was difficult to make unambiguous spin assignments in 57Mn. This was 
partly due to the absence of known pl  values and partly because of the close similarity 
between angular distributions calculated for different values of Jπ.  
Summary and conclusions 
The 50,52,54Cr(4He,p)53,55,57Mn reactions were studied at 18 and 26 MeV bombarding 
energy. Analysis of the proton angular distributions revealed that contributions from 
compound nucleus reactions were significant at 18 MeV. 
In contrast, at 26 MeV, nearly all the proton groups detected had angular 
distributions, which could be described using the distorted wave theory and 
assuming a triton cluster transfer mechanism.  The angular distributions of 41 proton 
groups were obtained for 53Mn, 27 groups for 55Mn and 27 for 57Mn. Nearly all the 
calculated Jπ transfers were for L = 1 or L = 3.  Using the L = 1 J - dependence for 
the (4He,p) reaction, many spin assignments could be made for states whose pl  
values had already been determined from previous (3He,d) studies of 53,55Mn. In 
addition, an L = 3 J - dependence was also found for (4He,p) in this energy-mass 
region and used to assign the relevant Jπ  to the observed states.   
A summary of energy levels in 53,55,57Mn for which angular distributions have been 
measured at 26 MeV incident 4He energy is shown in Figure 27.13. The figure 
contains the excitation energies and Jπ assignments based on our study. A summary 
of all spectroscopic information is presented in Tables 27.2-27.4.  
The 7/2- strength is spread out among more states in 55Mn than in 53Mn, although not 
all the 7/2- strength in 55Mn can be associated with the single particle 7/2- 
configuration. The addition of two neutrons increases the number of configurations 
that the (4He,p) reaction can excite as opposed to the configurations accessible in 
single proton transfer. These extra degrees of freedom also allow for an explanation 
of the larger number of states seen in 55,57Mn below 2.4 MeV as compared with 53Mn. 
The 9/2- and 11/2- states at 0.983 and 1.292 MeV in 55Mn are presumably excited 
through  
( ) ( )[ ]
JJ n
jjf 212/7
3
2/7 νπ
−  
components, where j1, j2 are 2p3/2 or 1f5/2 and Jn = 2 or 4. 
The importance of (3p-4h) configurations in the low-lying states of 55Mn is 
demonstrated by the L = 1, Jπ = 3/2- state at 1.528 MeV. The (4He,p) reaction at 26 
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MeV also corroborates the assignment of a 1/2- state, which is nearly degenerate with 
the 11/2- state at 1.292 MeV as suggested by Peterson, Pittel, and Rudolph (1971). 
 
 
Figure 27.13. Excitation energies and Jπ assignments based on our study of the 
50,52,54Cr(4He,p)53,55,57Mn reactions. Only states for which angular distributions at 26 MeV were 
measured are shown. 
 
In 57Mn, Q - values for 57 states were determined using both the 18 and 26 MeV 
data. The ground state 0Q  - value was determined to be -4.302 ± 0.008 MeV, in 
agreement with the value reported by Mateja et al. (1976). The states measured in 
(4He,p) for excitation energies greater than 2.2 MeV have not been reported 
previously.  
The simple model of triton cluster transfer accounts very well for the shapes of the 
angular distributions. Our measurements can serve as a basis for more refined 
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calculations to understand the details of reaction mechanism of three-nucleon 
transfer and the structure of the Mn isotopes.  
We have found that many states, which were not observed in single-nucleon transfer 
reactions were accessible via the three-nucleon transfer in the (4He,p) reaction. 
Likewise, many states that were weakly excited in single nucleon transfer reactions 
were strongly excited in the (4He,p) reaction. The (4He,p) is a useful tool for 
uncovering and studying new configurations in states of residual nuclei. 
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28 
Gamma De-excitation of 55Mn Following the 55Mn(p,p’γ)55Mn 
Reaction  
 
Key features:  
1. The gamma de-excitation scheme of 55Mn has been determined for states of up to 
3385 keV excitation energy.   
2. A total of 45 γ transitions have been identified between 27 states in 55Mn. 
3. The enigma of the 1292 keV level has been studied.  
e. Our results confirm the γ de-excitation scheme of Hichwa et al. (1973a) and 
Hichwa, Lawson, and Chagnon (1973b) around this excitation energy but do 
not confirm the expected γ transition (Kulkarni 1976) to the ground state from 
the 1292 level. 
f. The incident proton energy of 7.975 MeV was chosen to coincide with the 
energy used by Katsanos and Huizenga (1967) who reported a doublet of 
states at the 1292 keV excitation energy in (p,p’) scattering. Our high-
resolution measurements do not confirm their results.  
g. Combining the results of this study, with the results of our earlier study of the 
52Cr(4He,p)55Mn reaction at 18 and 26 MeV and the existing results by other 
authors we conclude that there is a doublet of states at the 1292 keV 
excitation energy in 55Mn with the separation energy of less than 10 keV. 
However, the excitation of its 1/2- member appears to be strongly selective.   
Abstract: Gamma de-excitation scheme has been studied using the 55Mn(p,p’γ)55Mn reaction 
induced by the 7.975 MeV protons. A total of 45 γ transitions between 27 states in 55Mn, 
extending up to the 3385 keV excitation energy, have been observed in both the singles and 
p-γ coincidence spectra. The enigmatic 1292 keV level has been studied using both the 
gamma and the high-resolution proton spectra. 
Introduction 
The study of gamma de-excitation of 55Mg was prompted by the enigma of the 1.29 
MeV level. A great deal of confusion surrounded the level structure of 55Mn at about 
this excitation energy.  In a high resolution (p,p') study using 7.975 MeV protons 
Katsanos and Huizenga (1967) claimed to have observed a doublet at this excitation 
energy.   
Peterson, Pittel and Rudolph (1971) studied the 57Fe(p,3He)55Mn and 57Fe(d,4He) 
55Mn reactions at Ep =27 MeV and Ed = 16.5 MeV. They claimed the existence of a 
1/2- state unresolved from a state with 11/2- at 1.29 MeV. This study is in agreement 
with our study of 52Cr(4He,p)55Mn reaction using 18 and 26 MeV 4He particles (see 
Chapter 27). 
Using 4He-particles with the energy of 5 to 7 MeV, Kulkarni and Nainan (1974) found 
γ-ray yields for a 1293 keV γ-ray which could be fitted by first order Coulomb 
excitation theory for a λ = 2 transition.  They claimed that they were exciting a state 
at 1.293 MeV with 1/2- ≤ Jπ ≤ 9/2-. Observation of γ-ray transitions to the 7/2- and 9/2-  
states at 0.128 and 0.983 MeV limited their spin assignments to 5/2- ≤ Jπ ≤ 9/2-.  They 
also found that the yields for the 307 and 1167 keV γ-rays, which originate from the 
1.293 MeV level could be accounted for by Coulomb excitation theory.   
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Unfortunately, a degree of uncertainty about their interpretation Coulomb excitation 
data as pointed out later by Kulkarni (1976) who extended Coulomb excitation 
measurements of 55Mn to 8 MeV.  He observed the same γ-ray spectrum as in the 
earlier publication (Kulkarni and Nainan 1974) except for the 307 and 1167 keV γ-
rays, which could be identified with the 304, and 1164 keV γ-rays observed at 8 MeV. 
However, he found that the yield for the 1164 keV γ-rays rose too steeply to be 
accounted for by a single E2 excitation and thus this γ-rays could not be identified as 
the 1167 keV γ-rays of Kulkarni and Nainen (1974).  He concluded that there were 
two levels separated by 3 keV:  a Jπ = 11/2- state at 1.290 MeV and a 1/2- state at 
1.293 MeV.  The assignment of spin 1/2- for the state at 1.293 MeV was made on the 
basis of both the γ-rays yields and a limited γ-rays angular distribution measured at θγ 
= 0° and 90°. According to Kulkarni (1976) the 1.293 MeV (1/2-) level de-excites 
100% to the ground state.   
Unfortunately, a 1293 keV γ-ray finds no confirmation in the publication of Kocher 
(1976). In an earlier study, Hichwa et al. (1973a) and Hichwa, Lawson, and Chagnon 
(1973b) saw no evidence for the population of a 1/2 level at 1.29 MeV in their (4He,pγ) 
measurements at E =10.5 and 11.1 MeV. Their spin assignment agreed with the 
previously assigned 11/2 value but they did not observe a 1292 keV γ-ray transition to 
the ground state, which according to Kulkarni (1976) should be the only decay 
pathway open from the alleged 1/2- state.  
The branching ratios for the 1.29 MeV state γ-decays claimed by Kulkarni and 
Nainen (1974) and Kulkarni (1976) are in serious disagreement with those of Hichwa 
et al. (1973a) and Hichwa, Lawson, and Chagnon (1973b).  It is also not clear 
whether the 1293 keV γ-ray observed by Kulkarni and Nainen (1974) and Kulkarni 
(1976) originates from a level at 1.29 MeV because they did not report particle-
gamma coincidence measurements or observe any γ-rays in coincidence with the 
1293 keV γ-ray. 
In our study of 52Cr(4He,p)55Mn reactions (see Chapter 27), the data at 26 MeV 
showed a pronounced minimum and maximum at the same angles as observed for 
other Jπ = 1/2- transitions. A least-squares combination of Jπ = 1/2- and 11/2- produced a 
good fit to the measured angular distribution thus indicating a transition to a doublet 
state at this excitation energy. The determined intensities of the two components at θ  
=23° are 12 µb/sr for the Jπ = 1/2- state and 10 µb/sr for Jπ = 11/2-. 
Experimental procedures and results 
We have carried out our measurements using a 7.975 MeV proton beam from the 
ANU EN tandem accelerator. The energy was chosen to coincide with the energy 
used by Katsanos and Huizenga (1967) in their measurements of (p,p’) scattering. 
The target contained a minimum of 99% 55Mn, with maximum limits of iron 0.002%, 
lead 0.001%, nickel 0.002% and zinc 0.05%. Preliminary measurements were 
performed using the 24" double focussing spectrometer. The best resolution attained 
was 12 keV.  Measurements of 55Mn(p,p’) spectra were made at 30°, 40°, 50° and 
140° (lab). In contrast with the claim of Katsanos and Huizenga (1967) the particle 
spectra showed no evidence of a doublet at the 1293 keV excitation energy. This 
could either mean that the separation of the doublet states is significantly less than 
12 keV, thus confirming the claim of Kulkarni (1976) or that one of the components of 
the doublet is not excited in (p,p’) scattering.  
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We have then carried out the 55Mn(p,p'γ) measurements using the same proton 
bombarding energy. A diagram of the experimental arrangement is shown in Figure 
28.1. The γ-ray detector was made of 62 cm3 Ge(Li) crystal (4.9 cm diameter, 3.3 cm 
long). The detector was located at 90° with respect to the beam to minimize Doppler 
shift and the total acceptance angle was ±32°. To detect protons, Si surface barrier 
detector was used, with a diameter of 1.9 cm. The detector was set at -80°. Magnetic 
electron suppression was used and the detector was cooled by Cu strap connected 
to cold finger. We have used a strip 55Mn target, 2 mm wide, approximately 150 
µg/cm2, on a thin carbon backing.   
 
 
Figure 28.1. Experimental arrangement for the 55Mn(p,p’γ)55Mn measurements 
 
 
 
Figure 28.2. Electronics for the 55Mn(p,p’γ)55Mn measurements. 1. Si surface barrier detector; 2. 
Ge(Li) 62 cm3 Seforad γ-detector; 3. ORTEC 125 preamplifier; 4. Seforad Sr 100 preamplifier; 5. 
ORTEC 454 timing filter; 6. ORTEC 463 constant fraction discriminator; 7. Nanosecond delay; 8 
Canberra 1443 time to amplitude converter; 9. Logic shaper and delay; 10. Tennelec TC 203 BLR 
amplifier; 11. Tennelec TC 205A amplifier; 12. Canberra 1454 linear gate and stretcher.  
 
Singles γ-ray spectra were collected with the target in and out of the beam.  The 
spectra were calibrated using a 152Eu source located in the same position as the 
target.  A sample of singles spectrum is shown in Figure 28.3 for γ energies around 
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the alleged 1292 transition from the 1292 level to the ground state. No 1292 keV γ-
ray was observed.  
According to Kulkarni and Nainan (1974) the branch to the ground state of the 1292 
keV state should be five times more likely than the branch to the first excited state 
which produces an 1165 keV γ-ray. The observed 1280 keV γ-ray has about 1/5 the 
intensity of the 1165 keV γ-ray in Figure 28.3. If a 1292 keV γ-ray is present in this 
spectrum its intensity is less than 1/5 that of the 1165 keV transition.   
A list of γ-rays seen in singles, along with their relative intensities is presented in 
Table 28.1.  Gamma rays, which were present in the singles spectrum when the 
target was removed from the beam, have not been included in the table. 
 
Figure 28.3. A part of the 55Mn(p,p’γ)55Mn γ singles spectrum at Ep = 7.975 MeV around the alleged 
1292 keV γ de-excitation to the ground state from the 1292 MeV level in 55Mn. The γ energies are in 
keV.   
 
The p-γ coincidence data were recorded event by event on magnetic tape and the 
measurements took approximately 45 hours of running time with 2 to 8 nA on the 
150 µg/cm2 55Mn target.  Figure 28.4 shows the proton projection and an example of 
the γ-ray spectrum in coincidence with the 1292 keV proton group.  The TAC time 
window was set to 200 ns and the true to chance ratio was 20/1 with a 12 ns FWHM 
for the TAC peak.   
From the γ coincidence spectrum presented in Figure 28,4 it is clear that no γ-ray 
was detected at 1292 keV.  Our measurements disagree with the conclusion of 
Kulkarni (1976) but confirm the decay scheme of Hichwa et al. (1973a) and Hichwa, 
Lawson, and Chagnon (1973b) for the 1292 keV level. We have also carried out the 
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coincidence γ-ray measurements for the other proton peaks but we have seen no 
γ transition to the ground state from the 1292 keV level. 
The p-γ coincidence scheme obtained from our measurements is shown in Figure 
28.5.  Strong and firmly assigned transitions are indicated by solid lines. Weak 
transition, corresponding to low number of counts, are shown as dashed lines. 
The p-γ coincidence scheme obtained from our work is in substantial agreement with 
the scheme determined by Hichwa et al. (1973a) and Hichwa, Lawson, and Chagnon 
(1973b) for levels below approximately 2800 keV. We have extended the scheme to 
3385 excitation energy.   
 
 
Figure 28.4. The proton spectrum (upper figure) and an example of the p-γ coincidence spectrum 
(lower figure). The position of the alleged 1292 transition to the ground state is indicated but is absent 
in the spectrum.   
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Table 28.1 
Gamma rays observed in singles measurements for the 55Mn(p,p’γ)55Mn reaction at Ep = 7.975 MeV a)  
Eγ 
(keV) 
± ∆Eγ 
(keV) 
 
RI 
 
± ∆RI 
 
 Eγ 
(keV) 
± ∆Eγ 
(keV) 
 
RI 
 
± ∆RI 
 
129.7 
 
.2 
 
301 
 
13 
 
 983.7 
 
.5 
 
250 
 
35 
 158.2 
 
.2 
 
99 
 
11 
 
 1165.1 
 
.3 
 
333 
 
49 
 238.0 
 
.2 
 
147 
 
22 
 
 1212.2 
 
.3 
 
567 
 
75 
 273.3 
 
.2 
 
688 
 
40 
 
 1221.9 
 
.4 
 
1622 
 
162 
 307.4 
 
.2 
 
109 
 
15 
 
 1236.9 
 
.5 
 
154 
 
31 
 385.2 
 
.2 
 
534 
 
44 
 
 1280.4 
 
.5 
 
68 
 
20 
 411.3 
 
.2 
 
224 
 
36 
 
 1315.8 
 
.3 
 
5542 
 
512 
 416.7 
 
.5 
 
8.7 
 
2.5 
 
 1326.5 
 
.3 
 
412 
 
64 
 442.0 
 
.2 
 
221 
 
33 
 
 1369.1 
 
.2 
 
1067 
 
116 
 477.0 
 
.2 
 
3094 
 
214 
 
 1378.6 
 
1.3 
 
105 
 
48 
 482.9 
 
.7 
 
10 
 
3 
 
 1407.7 
 
.2 
 
2067 
 
215 
 532.0 
 
.2 
 
209 
 
29 
 
 1419.2 
 
.7 
 
169 
 
51 
 743.8 
 
.6 
 
65 
 
21 
 
 1433.3 
 
.3 
 
958 
 
127 
 765.1 
 
.2 
 
76 
 
16 
 
 1459.8 
 
.4 
 
375 
 
62 
 803.2 
 
.2 
 
2172 
 
132 
 
 1505.2 
 
.8 
 
191 
 
52 
 810.6 
 
.2 
 
352 
 
38 
 
 1527.7 
 
.4 
 
678 
 
103 
 826.7 
 
.2 
 
400 
 
44 
 
 1554.7 
 
.8 
 
280 
 
72 
 846.0 
 
.2 
 
1014 
 
79 
 
 1572.0 
 
.8 
 
356 
 
84 
 857.7 
 
.2 
 
1000 
 
 
 
 1620.7 
 
.5 
 
315 
 
68 
 895.1 
 
.2 
 
252 
 
55 
 
 1638.9 
 
.4 
 
531 
 
94 
 910.5 
 
.8 
 
68 
 
28 
 
 1663.4 
 
.5 
 
287 
 
63 
 930.8 
 
.2 
 
7964 
 
491 
 
 1882.4 
 
.5 
 
379 
 
93 
 962.9 
 
.8 
 
103 
 
30 
 
     
a) Known impurities or non-prompt γ-rays have been excluded. 
RI – Relative intensity normalized to the 857.7 keV γ-ray. 
 
Summary and conclusions 
We have carried out a study of the gamma de-excitation of 55Mn using the 
55Mn(p,p’γ)55Mn reaction at 7.975 MeV. We have observed 47 gamma transitions 
between 27 states in 55Mn extending to 3385 keV excitation energy. In addition, we 
have measured proton spectra using a 24” double focusing spectrometer. The 
incident proton energy was chosen to coincide with the energy used by Katsanos 
and Huizenga (1967) in their (p,p’) measurements. In contrast with their claim, our 
high-resolution data do not show a doublet of states at 1292 keV excitation energy.  
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Figure 28.5. The gamma de-excitation scheme of 55Mn determined by our measurements. The 
relatively strong and firmly determined γ transitions are indicated by solid lines. The dotted lines show 
weak transitions.  
 
Our gamma de-excitation measurements are in good agreement with the results of 
Hichwa et al. (1973a) and Hichwa, Lawson, and Chagnon (1973b) around this 
excitation energy. However, in contrast with the conclusion of Kulkarni (1976), our 
results clearly demonstrate that there is no gamma transition between the 1292 keV 
level and the ground state.  
Combining our results for the gamma de-excitation, with our previous results on the 
52Cr(4He,p)55Mn reaction at 18 and 26 MeV and with available information based on 
research by other authors we conclude that there must be a closely spaced doublet 
of states at 1292 keV excitation energy. The energy spacing between the two 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
312 
 
members of the doublet appears to be less than 10 keV. The excitation of the 1/2- 
member of the doublet appears to be strongly selective and to depend on the 
reaction used to access energy levels in 55Mn.  
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29 
The 138Ba(7Li,6He)139La and 140Ce(7Li,6He)141Pr Reactions at 52 MeV 
 
Key features:  
4. Spectroscopic applicability of the single-proton (7Li,6He) reaction has been studied.  
5. The target nuclei of 138Ba and 140Ce and have been selected to have a clean access 
to a wide range of single-proton configurations: 1g7/2, 2d5/2, 2d3/2, 3s1/2, and 1h11/2. 
6. A distinct j – dependence has been observed for the l = 2 transfer, which allowed to 
distinguish between the 2d5/2 and 2d3/2 configurations.  
7. Spin assignments have been made and spectroscopic factors have been extracted to 
states in the residual nuclei 139L and 141Pr. They compare well with earlier studies and 
thus show that the (7Li,6He) reaction can serve as a useful spectroscopic tool.  
Abstract: Angular distributions have been measured for transitions to low-lying states in 
139La and 141Pr populated by the 138Ba(7Li,6He)139La and the 140Ce(7Li,6He)141Pr reactions at 
E7Li = 52 MeV. Elastic scattering of 7Li at 52 MeV on 138Ba and 140Ce, and 6Li at 48 MeV on 
139La and at 47 MeV on 141Pr were measured to determine the interaction potentials in the 
incident and outgoing channels. Optical-model parameters extracted from fits to the 
scattering data were used in a finite-range distorted wave analysis of the measured angular 
distributions for levels below 2.40 MeV excitation energy in 139La and 1.65 MeV in 141Pr. 
Final-state spins have been assigned to levels in 139La and 141Pr. The reaction cross 
sections exhibit less structure than predicted by the distorted wave calculations, but the 
extracted spectroscopic factors are generally in good agreement with light-ion results. 
 
Introduction 
Heavy-ion-induced, single-nucleon stripping reactions can be used to extract 
spectroscopic information complementary to that obtained from light-ion work. 
However, as the mass of the target-projectile system increases, bell-shaped angular 
distributions centred at the grazing angle are observed and they have only limited 
spectroscopic usefulness. Furthermore, heavy-ion studies employing 16O, 14N and 12C 
projectiles have been limited by energy resolution to residual nuclei with large level 
spacing.  
To explore the spectroscopic applicability of heavy-ion-induced reactions we have 
selected a lighter projectile 7Li. Combined with the available good resolution, reactions 
induced by this projectile was be expected to provide useful spectroscopic information 
for closely spaced states.  
The shell model indicates that systems with 50 or 82 nucleons constitute unusually 
tightly bound cores. Consequently, by using single-nucleon transfer reactions on 
such nuclei one should be able to study conveniently states corresponding to 
configurations outside closed cores.   
For our study, we have chosen a single-proton transfer reaction (7Li,6He) and we 
have selected 138Ba and 140Ce as target nuclei. These two isotopes have an N = 82 
neutron core. They also contain 56 and 58 protons, respectively. Thus, 138Ba 
contains 6 protons outside the closed Z = 50 proton core, and 140Ce contains 8. The 
stripped proton may be expected to be deposited to any of the following orbitals: 
1g7/2, 2d5/2, 2d3/2, 3s1/2, and 1h11/2. However, the 1g7/2 orbitals are nearly full in both 
isotopes, particularly in 140Ce so it might be expected that most protons will be 
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transferred to other configurations. Nevertheless, the 1g7/2 should be also 
accessible.  
Experimental method and results 
To have a complete set of data for the intended theoretical analysis we had to 
measure not only the differential cross sections for the (7Li,6He) reactions but also 
the elastic scattering cross sections in the incident and outgoing channels. However, 
since 6He particles cannot be used as projectiles, we have measured the elastic 
scattering of 6Li on the relevant target nuclei.    
Beams of 6Li- and 7Li- from a General lonex sputter source were injected into the 
Australian National University 14UD Pelletron accelerator. Beam currents of up to 
300 nA of 6Li+3 and 7Li+3 were obtained on the target.  
Targets of enriched 138Ba (> 99%) and 140Ce (> 99%) and natural 139La and 141Pr, 
comprised of metal on thin carbon backings, proved to be extremely fragile and 
many ruptured before they could be removed from the vacuum system in which they were 
prepared. Others broke whilst standing in vacuum storage. Fortunately, at least one 
target of each material survived both preparation and beam bombardment. However, 
the thickness of surviving targets was small, only about 25 µg/cm2. We could have 
had acceptable resolution with significantly thicker targets of about 100 -150 µg/cm2.  
Reaction data and elastic scattering data were measured with an Enge split-pole 
spectrograph using a resistive-wire gas proportional detector (Ophel and Johnston 
1978) located in the focal plane. From the energy loss (∆E) and the position signal 
( ρB∝ ) of the focal plane detector, a mass identification signal ( EBM ∆= 22 )( ρ ) was 
obtained. The difference in magnetic rigidity between 6Li3+ and 6He2+ was sufficient to 
allow for unambiguous mass identification. Additionally, the high field necessary to 
bend the 6He particles onto the detector completely removed the 7Li3+ elastic events 
from the detector, allowing high beam currents to be used at forward angles. Fixed 
monitor detectors at 15° and 30° were used for normalization between runs. 
To obtain the best possible information about the wave functions in the incident and 
outgoing channels the following elastic scattering measurements have been carried 
out: 138Ba(7Li,7Li)138Ba and 140Ce(7Li,7Li)140Ce at E(7Li) = 52 MeV and 
139La(6Li,6Li)139La at E(6Li) = 48 MeV and 141Pr(6Li,6Li)141Pr at E(6Li) = 47 MeV. The 
energies for 6Li projectiles were chosen to correspond to the average outgoing 6He 
energy. 
Absolute cross sections were obtained by normalizing the forward angle elastic 
scattering to the Rutherford cross sections. The error in the absolute normalization is 
estimated to be 5% for the elastic scattering, resulting mainly from angle setting and 
dead time uncertainties. Based on the reproducibility of the (7Li,6He) data, the 
absolute cross sections for the transfer reactions are accurate to ±12%. The relative 
errors in the cross sections are shown by the error bars on the individual data points 
where these are larger than the plotted points. 
Figures 29.1 and 29.2 show spectra for the 138Ba(7Li,6He)139La reaction at θlab = 27°, 
and the 140Ce(7Li,6He)141Pr reaction at θlab = 20°, respectively. The resolution is 70 keV 
FWHM and little background is evident at these angles. However, at angles forward of 8° 
(lab), background from impurities in the target was larger, but it did not prevent 
extraction of the data. 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
315 
 
The distributions for the elastic scattering and for the (7Li,6He) reaction are shown in 
Figures 29.3 – 29.7. 
 
 
Figure 29.1. A 6He spectrum for the 138Ba(7Li,6He)139La reaction at 270. States in 139La are labelled 
with the appropriate excitation energies. 
 
 
Figure 29.2. A 6He spectrum for the 140Ce(7Li,6He)141Pr reaction at 200. States in 141Pr are labelled 
with the appropriate excitation energies. 
Theoretical analysis 
The elastic scattering data were analysed using a simple (central) optical model 
potential combined with the usual description of the Coulomb interaction: 
),,(),,()()( 0000 arriWgarrVfrVrU c ′′−−=  
where, 
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Zp and Zt are the projectile and target charge. 
 
 
 
Fig. 3. Angular distributions for the 138Ba(7Li,7Li)138Ba elastic scattering at 52 MeV and 
139La(6Li,6Li)139La at 48 MeV. The solid lines are the optical-model fits to the data. 
 
 
 
Figure 29.4. Angular distributions for the 140Ce(7Li,7Li)140Ce elastic scattering at 52 MeV and for 
141Pr(6Li,6Li)141Pr at 47 MeV. The solid lines are the optical-model fits to the data. 
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Table 29.1 
Nuclear and Coulomb potential parameters used to fit the elastic scattering and the (7Li,6He) reaction 
angular distributions 
 
 
The computer code JIB (Perey 1967), which I have earlier modified and adapted to run 
at ANU and which I have used in analyses of scattering of light projectiles, was now 
used to fit the elastic scattering data for heavy projectiles. The parameters were varied 
two at a time until a minimum χ2 was obtained. The experimental angular distributions 
and the optical-model fits are shown in Figures 29.3 and 29.4. The extracted 
parameters are listed in Table 29.1. 
These parameters were then used in the exact finite-range (EFR) distorted wave calcu-
lations using the computer code LOLA (DeVries 1973) for transitions to the strongly 
populated states observed in the 138Ba(7Li,6He)139La and 140Ce(7Li,6He)141Pr reactions. 
The wave functions of the bound proton were generated with Woods-Saxon 
potentials whose depths were adjusted to give the correct binding energies. The 
ground-state binding energies are -9.978 MeV for p + 6He, -6.201 MeV for p+138Ba 
and - 5.227 MeV for p + 140Ce (ND 1971). The shape parameters were fixed at r0 = 
1.25 fm and 0a = 0.65 fm. The experimental angular distributions and the EFR-
distorted wave fits to the data are shown in Figures 29.5 – 29.7. Generally, it is easy 
to distinguish angular distributions belonging to different orbital angular momenta. 
However, transfer of a proton to orbitals outside the closed shell Z = 50 involves two l 
= 2 configurations, 2d3/2 and 2d5/2. Fortunately, there is a clear j - dependence for 
these configurations. Calculations for 2d3/2 and 2d5/2 are shown in Figures 29.5 and 
29.6 for states at 0.166 MeV, 1.56 MeV, 1.85 MeV and 1.96 MeV in 139La, and in 
Figure 29.7 for the ground state in 141Pr. Clearly the data forward of 6° (c.m.) allow 
unambiguous distinction between 2d3/2 and 2d5/2 final states. 
Spectroscopic factors are extracted using the following relationship (DeVries 1973) 
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 where B refers to the states in the final nuclei, and subscripts 1 and 2 refer to the 
projectile and final nuclei. The l and W are the transferred orbital angular momentum 
and the appropriate Racah coefficient, respectively. The )(72 LiSC  is the overlap of 7Li 
with 6He + p in a p3/2 state and was taken from Cohen and Kurath (1967) to be 0.59. 
Extracted spectroscopic factors are obtained by normalization in the region of the 
grazing angle (25°-29° for 138Ba and 26°-30° for 140Ce). 
The absolute spectroscopic factors obtained from the analysis are listed in Tables 29.2 
and 29.3, which also show the spectroscopic factors obtained from the (3He,d) reac-
tions (Wildenthal, Newman, and Auble 1971). The errors in the absolute spectroscopic 
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factors include the uncertainty in the absolute normalization of the experimental data 
and statistical errors. Relative spectroscopic factors, normalized to the ground state, 
are also listed in Tables 29.2 and 29.3. 
 
Figure 29.5. Angular distributions for states populated in the 138Ba(7Li,6He)139La reaction. The solid and 
dashed lines are the EFR-distorted wave calculations normalized to the data. The 1.77 MeV doublet 
is shown using spectroscopic strengths obtained from the (3He,d) work of Wildenthal, Newman, and 
Auble (1971) (solid line) and spectroscopic strengths obtained from a best fit to the data (dashed line). The 
pure s1/2 and d3/2 components are shown below the data. 
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Figure 29.6. Angular distributions for states populated in the 138Ba(7Li,6He)139La reaction. The solid 
and dashed lines are the EFR-distorted wave calculations normalized to the data. The 2.24 MeV data 
are shown with the spectroscopic strengths obtained from a best fit to the data using a sum of d3,2 and 
g7/2 contributions. The pure d3/2 and g7/2 components are shown below the data. 
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Figure 29.7. Angular distributions for states populated in the 140Ce(7Li,6He)141Pr reaction. The solid 
and dashed lines are the EFR-distorted wave calculations normalized to the data. The 1.60 MeV and 
1.65 MeV states could not be resolved, and are shown using spectroscopic strength ratios obtained from the 
(3He,d) work of Wildenthal, Newman, and Auble (1971) (solid line) and spectroscopic strengths obtained 
from a best fit to the data (dashed line). The pure s1/2 and d3/2 components are shown below the data. 
 
As can be seen from Figures 29.5 – 29.7, the EFR-distorted wave calculations describe 
the data well. Angular distributions for transitions to 3s1/2, levels via the l = 1 transfer at 
1.21 MeV and 2.31 MeV in 139La, and 1.30 MeV in 141Pr are well reproduced by the 
calculations but are slightly out of phase, a problem which has been observed in other 
(7Li,6He) reactions (Moore, Camper, and Charlton 1970) where the data and the 
calculations are seriously out of phase. 
The states of the unresolved doublet at 1.77 MeV in 139La are described as 3s1/2, and 
2d3/2 in the (3He,d) reaction (Wildenthal, Newman, and Auble 1971). The solid line in 
Figure 29.5 represents the fit to the data obtained by summing the calculated 
differential cross sections for the two configurations and using spectroscopic 
strengths as derived in the (3He,d) work. The dashed line represents a similar fit but 
obtained by allowing the spectroscopic strengths to be adjusted by the least-squares 
fitting procedure.  
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Table 29.2 
Spectroscopic information for 139La 
 
a) Wildenthal, Newman, and Auble (1971).    b) Our work.  
E – Excitation energy. jnl – Single particle configuration. Absolute/Relative – The 
absolute and relative values of the spectroscopic factors, respectively. 
 
 
Table 29.3 
Spectroscopic information for 141Pr 
 
See notes to Table 29.2. 
 
States at 1.60 and 1.65 MeV in 141Pr could not be resolved in our experiment. These 
states are described as 2d3/2 (1.60 MeV) and 3s1/2 (1.65 MeV) in the (3He,d) reaction 
(Wildenthal, Newman, and Auble 1971). Figure 29.7 shows the best fits obtained either 
by taking a sum of the calculated distributions with the spectroscopic strengths as 
derived in the (3He,d) work for the two configurations (the solid line) or by adjusting the 
spectroscopic strengths in the least-squares fitting procedure (the dashed line). If the 
calculated distribution for the 3s1/2, transition to the 1.65 MeV state is out of phase with 
the experimental distribution, as it is for the l = 1 transitions to the 1.21 and 2.31 MeV 
states (see above), this would strongly affect the fitting procedure and hence the 
spectroscopic factors. Thus, the spectroscopic factors for these states should be 
viewed with caution. 
The state at 2.24 MeV in 139La is described as a d - state in the (3He,d) reaction 
(Wildenthal, Newman, and Auble 1971). However, neither calculations for a 2d3/2 nor a 
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2d5/2, state gave a satisfactory fit. A level at 2.232 MeV has been observed in (γ,γ’) 
work (Moreh and Nof 1970) and assigned tentative spins of either 7/2+ or 11/2-. The 
best fit for the studied here (7Li,6He) reaction has been obtained using a sum of 2d3/2 
and 1g7/2 (see Figure 29.6). 
Summary and conclusions 
We have carried out high resolution measurements for the 138Ba(7Li,6He)139La and 
140Ce(7Li,6He)141Pr reactions at 52 MeV incident 7Li energy. In addition, we have also 
measured angular distributions for the elastic scattering 138Ba(7Li,7Li)138Ba and 
140Ce(7Li,7Li)140Ce at E(7Li) = 52 MeV and 139La(6Li,6Li)139La at E(6Li) = 48 MeV and 
141Pr(6Li,6Li)141Pr at E(6Li) = 47 MeV. 
We have analysed the elastic scattering data using standard optical model potential 
and we have then applied the derived parameters in our exact finite range distorted 
wave analysis of transfer reaction data. The calculations described the transfer 
angular distributions well and only slight phasing problems were encountered for s1/2 
states. 
The absolute spectroscopic factors obtained in our study are generally larger than 
those obtained from the light-ion (3He,d) reactions (Wildenthal, Newman, and Auble 
1971), but the relative spectroscopic factors are in good agreement. 
Heavy-ion forward-angle j - dependence has been observed and used to assign the 
following spins to d - states in 139La; 0.166 (5/2+), 1.56 (5/2+), 1.85 (3/2+), 1.96 (3/2+); 
and to the ground state of 141Pr, (5/2+). The spin of the d - state at 1.60 MeV in 141Pr 
could not be assigned with certainty because levels at 1.60 MeV and 1.65 MeV were 
unresolved. Previous spin assignments for the d - state levels (Lederer and Shirley 
1978) are given as 0.166 (5/2+), 1.56 (3/2+), 1.85 (3/2+) and 1.96 (3/2+) in 139La; and 0.0 
(5/2+), 1.60 (3/2+) in 141Pr. 
The state at 2.40 MeV in 139La was not observed in the (3He,d) work (Wildenthal, 
Newman, and Auble 1971) but has been seen in (α,α') scattering (Baker and Tickle 
1972) and assigned a negative parity. Our distorted wave calculation with 11/2- spin 
for this state and corresponding to the only allowed negative-parity configuration 
1h11/2, is shown in Figure 29.6. However, the statistical errors in the data points 
prohibit the definite assignment of any spin to this state. 
In conclusion, the (7Li,6He) has been shown to be a functional tool which can be 
used in determining final-state spins and spectroscopic factors.  
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30 
Nuclear Molecular Excitations 
Key features:  
1. We have measured angular distributions and excitation functions for the 
24Mg(16O,12C)28Si reaction. The aim was to study nuclear molecular excitations. 
2. Three new broad resonances have been discovered in the excitation functions for the 
ground state and the first excited +12 state in 28Si. 
3. The analysis of our experimental results combined with a compilation of earlier results 
shows that the observed resonances can be explained as nuclear molecular 
excitations in either incident or exit channels, i.e. as orbiting nuclear states of the 
24Mg+16O or 28Si+12C systems.  
Abstract: Excitation functions for the reaction 24Mg(16O,12C)28Si leading to the ground state 
and the first +12 excited state in 28Si were measured at 5°(lab) in the energy range 32.4 < Ec.m. 
< 48.6 MeV. Although the resonant structure, previously observed at lower energies, becomes 
progressively weaker, three new correlated maxima have been observed at Ec.m.  = 37.5, 40.2 
and 43.5 MeV. Attempts to find a consistent optical-model fit to the elastic scattering in the 
entrance channel and an exact finite-range distorted wave fit to the transfer reaction cross 
sections in this energy range were unsuccessful. Such a failure is to be expected if strong 
coupling between the elastic and inelastic channels in either the initial or final system is 
present. By comparing the angular distribution with the Legendre polynomial 
distributions, )(cos2 θJP , spin assignments J = 27, 29 and 31 were made for the three 
observed resonances. The observed resonant behaviour can be explained as nuclear 
molecular excitations.  
 
Introduction 
Considerable resonance structure has been observed in heavy-ion reactions. Typical 
gross structure (with width ~2 MeV) has been seen in the excitation functions for the 
(16O,16O) elastic scattering at energies above the Coulomb barrier (Maher et al. 
1969). Optical-model analyses (Gobbi et al. 1973; Maher et al. 1969) of these data led 
to either a shallow and weakly absorbing four-parameter potential or a surface-
transparent six-parameter potential in which the imaginary well has smaller radius 
and diffuseness parameters than the real well. Such potentials allow the two colliding 
ions to retain their individual structure during a grazing collision and give rise to the 
possibility of so-called orbiting molecular states. However, because such collisions are 
essentially a direct process, the ions soon pass through so that they stay in the 
molecular orbit for perhaps only about 1/3 of a revolution. Nevertheless, even such 
brief nuclear molecular configuration appears to have significant influence on the 
measured excitation functions and angular distributions. Quantum mechanically, such 
states correspond to virtual broad shape resonances in the ion-ion potential. 
Consequently, they give rise to a broad resonance structure of the type seen in the 
16O + 16O elastic scattering. 
The surface-transparent potentials cause the lower partial waves to be strongly 
absorbed while trajectories corresponding to grazing collisions are only weakly 
absorbed. These properties lead to two interesting phenomena: (i) typical diffraction 
effects associated with the strong absorption and (ii) the "glory" effect arising from 
orbiting trajectories in the weakly absorbing surface region. 
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The diffraction model of Austern and Blair (1965) has been employed (Phillips et al. 
1979) to show that diffraction effects can lead to gross structure of the kind observed in the 
12C +12C and 16O + 16O inelastic scattering excitation functions. However, as pointed 
out by Friedman, McVoy, and Nemes (1979), the presence of strong internal 
absorption does not exclude the possibility of resonance effects. Indeed, in a full 
quantum mechanical treatment, the gross structure should arise from both the 
diffraction and orbiting resonance effects of the optical potentials involved. 
The glory effect arises through interference of a normal backward scattered wave with 
one, which has orbited through a negative deflection angle of about 180°. This leads to 
large back-angle elastic scattering cross sections which display large oscillatory 
character such as is observed in 16O + 28Si elastic scattering at Ec.m. = 35 MeV (Braun-
Muzinger et al. 1977). These large-angle oscillations often follow the square of a 
Legendre polynomial, )(cos2 θJP , suggesting a resonating partial wave of the order of 
J. The J - values extracted in this way lie close to the grazing angular momenta 
predicted by the appropriate surface-transparent optical potential.  
Since the discovery of such phenomena, several descriptions involving Regge poles 
(Braun-Muzinger et al. 1977), angular momentum dependent absorption potentials 
(Chatwin et al. 1970), resonances (Barrette et al. 1978; Malmin et al. 1972) or parity-
dependent optical potentials (Dehnhard, Shlolnik and Franey 1978) have been 
proposed. All these approaches, some of which are closely related, are designed to 
enhance one or more partial waves close to the grazing angular momentum. 
In some heavy-ion reactions, the cross sections are rapidly fluctuating functions of 
energy and the question arises whether these are true resonance structure or simply 
statistical Ericson fluctuations. In some cases, e.g. for the 12C + 14N system (Hansen 
et al. 1974; Olmer et al. 1974), statistical calculations using the Hauser-Feshbach 
method (Hauser and Feshbach 1952) give a good description of such fine structure 
provided one subtracts out the underlying gross structure. However, in several cases, 
e.g. in the 12C +16O system at Ec.m. = 19.7 MeV, there exists a strong correlation 
between the excitation functions of the elastic scattering at several angles, suggesting 
a resonance. Such resonance has a width of ~ 0.4 MeV and is an example of 
intermediate structure. 
Correlated structure of this kind with the width of ~ 0.1 MeV was found in the very first 
precision heavy-ion measurements (Bromley, Kuehner, and Almqvist 1960) for the 12C + 
12C scattering. In addition to the widths, the spacing of the observed resonances in 
this system are too small to be readily described in terms of simple shape 
resonances associated with quasi-bound states in a molecular-type potential between 
the two ions. Such intermediate structure has been interpreted (Imanishi 1968, 1969; 
Michaud and Voght 1969, 1972) in terms of "doorway" states in which the incident 
channel couples to another degree of freedom of the resonating system. In particular, 
Imanishi (1968, 1969) proposed that the incident elastic channel may be strongly 
coupled to a channel in which one of the 12C nuclei is excited to its first 2+ state at 4.4 
MeV. This concept was extended by Scheid, Greiner and Lemmer (1970) and Fink, 
Scheid and Greiner (1972) in their double resonance mechanism in which a virtual 
state in the entrance channel is excited by a grazing partial wave and acts as a 
doorway state which feeds quasi-bound states in inelastic channels corresponding to 
excitation of collective states of the individual nuclei. In these approaches, the 
intermediate structure is described in terms of coupling between the elastic and 
inelastic channels and arises naturally in appropriate coupled-channels calculations (Fink, 
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Scheid and Greiner 1972; Imanishi 1968, 1969; Scheid, Greiner and Lemmer 
1970).  
In order to predict the energies and spins of possible intermediate structure resonances 
arising from such coupling, Abe (1977) and Kondo, Matsuse and Abe (1978) have 
suggested a schematic band-crossing model. In this picture, the resonance structure 
arises whenever two quasi-rotational bands of states in the composite system, 
corresponding to the elastic and inelastic channels, cross each other and the 
molecular-type states involved are neither too narrow nor too broad. 
If the above intermediate structure occurs in the grazing partial waves, then similar 
resonance-like behaviour is to be expected even at forward angles in direct reactions, 
which are strongly surface peaked. Indeed, pronounced resonance structure has been 
observed by Paul et al. (1978) for the reaction 24Mg(16O,12C)28Si leading to the ground state 
and 1.77 MeV 2+ state of 28Si at two forward angles, 0° and 11° (lab), for 23 ≤ Ec.m. ≤ 38 
MeV.  
The purpose of our work was to extend these results for the 24Mg(16O,12C)28Si reaction 
to higher bombarding energies to determine if the strong resonance structure persists 
and in this way to study further the nature of these resonances. 
Experimental method and results 
Thin targets (~ 100 µg/cm2) were made by evaporating enriched 24Mg (99.92 % 24Mg, 
0.06 % 25Mg and 0.02 % 26Mg) onto a thin carbon backing (~ 10 µg/cm2). The targets 
were bombarded with a 16O beam from the Australian National University 14 UD 
Pelletron accelerator. The reaction products were momentum analysed using an 
Enge split-pole magnetic spectrometer and were detected in a multi-electrode focal 
plane detector. The particles were identified using the ratio EB /)( 2ρ  where Βρ is the 
magnetic rigidity and E is the energy of the detected ions. 
The data were recorded event by event onto magnetic tapes using a HP-2100 data 
acquisition system. The incident beam intensity was recorded using a beam current 
integrator. In addition, two solid-state detectors at 15° and 30° were employed as 
monitors.  
The elastically scattered 16O7+ ions and the most intense group of 12C ions (12C6+) 
from the transfer reaction have a similar magnetic rigidity. Thus, the transfer reaction 
measurements at forward angles were carried out using a 20-cm slot in front of the 
focal plane detector to stop all groups of elastically scattered 16O projectiles while 
allowing the 12C6 + ions to enter the detector. In the energy and angular regions studied 
in the present experiment, the 12C6+ group contains 82-98% of the total intensity of the 
12C charge state distribution. 
Excitation functions for the reaction 24Mg(16O,12C)28Si were measured at 5° (lab) in the 
energy range 54-81 MeV (lab) with a horizontal acceptance of 4.5°(lab). Test 
measurements carried out by varying the reaction angle around 5° for various incident 
16O energies indicated that the second maximum in the ground-state angular 
distribution was located well within the acceptance angle. Figure 30.1 shows our results 
together with earlier data of Paul et al. (1978), which were taken at 0° and 11°(lab) for the 
ground-state transition at lower 16O bombarding energies. It can be seen that the resonant 
structure becomes progressively weaker at higher energies. Nevertheless, three 
additional correlated maxima are evident near Ec.m. = 37.5, 40.2 and 43.5 MeV. 
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Figure 30.1. Excitation functions (dots) for the reaction 24Mg(16O,12C)28Si leading to the ground state 
and the first excited state in 28Si, measured in the range of energies 32.4-48.6 MeV (c.m.) at 5° (lab) 
are compared with the excitation functions measured at lower energies (Paul et al. 1978) at 0° (full 
line) and 11° (dash-dot line). Results of Paul et al. (1978) are expressed in arbitrary units. The dashed 
lines are used to guide the eye. Arrows indicate the energies at which angular distributions were 
measured. The vertical scale is for the elastic scattering. Data for the inelastic scattering have been 
displaced to show the structure. The cross sections at around 32 MeV (c.m.) are nearly the same for 
both excitation functions.  
 
Figure 30.2. Angular distributions for the reaction 24Mg(16O,12C)28Si (0+, g.s.) measured at the 
indicated c.m. energies (points) are compared with the distorted wave calculations (full lines). 
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Figure 30.3. Angular distributions for the reaction 24Mg(16O,12C)28Si (2+, 1.77 MeV) measured at the 
indicated c.m. energies (points) are compared with the distorted wave calculations (full lines). 
 
Angular distributions for the reactions were measured at these three energies and at 
Ec.m. = 39.0 MeV, corresponding to a trough between two maxima in the excitation 
functions. The energies at which angular distributions were measured are indicated 
by arrows in Figure 30.1. An acceptance angle of 1° (lab) was employed for these 
measurements. The results are shown in Figures 30.2 and 30.3 where diffraction 
patterns are clearly evident for both transitions. However, some irregularities are 
present. In particular, a prominent distortion of the simple oscillatory structure occurs for 
the ground state distribution at 40.2 MeV in the angular range of 25-40°(c.m.). This 
irregularity does not occur for the transition to the 2+ state. 
The elastic scattering cross sections for the reaction 24Mg(16O,16O)24Mg were 
measured at Ec.m. = 37.5 and 40.2 MeV with the whole detector exposed to the 
reaction products. The data are shown in Figure 30.4. It can be seen that while the 37.5 
MeV measurements exhibit oscillating structure for θc.m. > 40°, the 40.2 MeV data are 
relatively structureless in this angular region. 
Analysis of the elastic scattering 
As pointed out by Siemssen (1977), two schools of thought exist regarding the 
description of heavy-ion scattering in terms of the nuclear optical model. The first 
argues that as heavy ions are complex loosely bound particles, they must 
disintegrate upon impact so that only strongly absorbing potentials are acceptable. 
The second school of thought, however, simply attempts to determine empirically 
which features can or cannot be consistently described by the optical model. This 
second approach has typically led to a range of potentials, which are weakly 
absorbing for surface partial waves. Such "surface-transparent" potentials are often 
characterized by a smaller geometry for the absorption potential than the real 
potential i.e. 00 rr <′ and 00 aa <′ .2 
                                               
2 Optical model parameters are as defined in Chapter 29. 
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Previously, elastic scattering for the 16O + 24Mg system has been studied for various 
energies ranging from the Coulomb barrier up to Ec.m.. ≈ 43 MeV. In general, analyses 
above the Coulomb barrier favour a moderately shallow real potential depth, which 
increases linearly with energy (V ≈ 5 + 0.5Ec.m. MeV), and an imaginary potential 
strength, which increases quadratically with energy. 
 
 
Figure 30.4. Angular distributions for the 24Mg('6O,16O)24Mg elastic scattering measured at two 
energies (dots) are compared with the optical-model calculations. Parameter sets are listed in Table 
30.2. 
These and similar optical-model analyses for neighbouring mass systems have led to 
parameters, which can be classified broadly into three groups: 
(i) Potentials, which have similar real and imaginary radii and diffuseness (i.e. 
00 rr ≈′ and 00 aa ≈′ ) and are strongly absorbing (W is relatively large). 
(ii) Potentials, which have similar real and imaginary potential geometries but have 
weak absorption strengths. 
(iii) Potentials which have 00 rr <′ and 00 aa <′  , and moderate absorption strength.  
Both potentials (ii) and (iii) give rise to surface transparency for the grazing partial 
waves. Examples of these three types of potentials is given in Table 30.1. 
In our work, the sets A, E, and F of Table 30.1 were taken as representative potentials for 
the three types of interactions and were used as starting sets in parameter searches 
to fit the 16O + 24Mg elastic scattering angular distributions at Ec.m.  = 37.5 and 40.2 
MeV. These data were analysed using the optical-model parameter search code 
SOPHIE (Delic 1975) to obtain parameter sets for the distorted wave analysis of the 
24Mg(16O,16O)24Mg transfer reaction. The searches were unconstrained and had led to 
potentials shown as sets 1-3 and 6 and 8 in Table 30.2.  
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Table 30.1  
Classification of heavy-ion optical-model potentials a) 
 
a) Potentials are as defined in Chapter 29. Set 1: Braun-Muzinger et al. 1973; Set 2: Tserruya 
et al. 1975; Set 3: Siwek-Wilczynska, Wilczynski, and Christensen 1974: Set 4: Siemssen 
1971; Set 5: Ball 1975; Set 6: Lemaire et al. 1974a; Set 7: Siemssen et al. 1969. 
 
 
Table 30.2 
Optical-model potentials for the 24Mg(16O,12C)28Si reaction 
 
Sets 1,2, and 3 were obtained using sets A, E, and F of Table 30.1 as starting 
values. The same applies to sets 6, 7, and 8. Sets 4 and 9 were obtained using 
sets 2 and 7, respectively, as the starting values. Sets 5 and 10 were obtained 
using set G of Table 30.1 as starting values. Set 11 gives the best description of 
the angular distributions for the 24Mg(16O,12C)28Si reaction as shown in Figures 
30.2 and 30.3. 
 
In attempting to fit the 40.2 MeV data with a shallow imaginary well, the automatic search 
converged on an unphysically large value for the imaginary diffuseness parameter 
12.10 =′a  fm. The set 7 shown in Table 30.2 was obtained by requiring that 6.00 ≤′a  
fm. 
The 37.5 MeV data are described equally well by either a strongly absorbing potential 
(set 1) or a weakly absorbing surface-transparent interaction (set 2). Both sets of 
parameters generate the necessary oscillatory structure for θc,m. > 40° (Figure 30.4). 
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The fits obtained for the 40.2 MeV data are distinctly poorer in that all the potentials 
predict oscillatory structure in the differential cross section for θc,m. > 40°, which unlike 
the 37.5 MeV measurements, is not observed at the higher energy. 
From other data, such as few nucleon transfer reactions, there is an evidence 
(Lemaire et al. 1974b) of a preference for surface transparency of the optical 
potential with 00 aa <′ . This was taken into account in the present analysis when using 
sets 2 and 7 (Table 30.2) as starting values for further searches in which the value of 
0a′ , was constrained to be ≤ 0.3 fm. The resulting potentials are given in Table 30.2 as 
sets 4 and 9. The predictions for these sets together with the corresponding strongly 
absorbing potentials (sets 1 and 6) are shown in Figure 30.4. It can be seen that both 
types of the 16O + 24Mg interaction describe the 37.5 MeV data well while neither 
reproduces the structureless 40.2 MeV angular distribution.  
In some analyses, very shallow real potentials have been found. This possibility was 
investigated by employing the shallow potential set G of Table 30.1 as a starting point 
for a search in which the real strength V was constrained to have a value < 20 MeV. 
The resulting potentials from these searches are presented as sets 5 and 10 in Table 
30.2. These interactions give excellent fits to the data, particularly to the structureless 
angular distribution at 40.2 MeV. However, the shallow potential, which describes the 
37.5 MeV data, is significantly different from the potential, which fits the 40.2 MeV 
measurements. In particular, the absorption strengths are 11.79 and 24.47 MeV, 
respectively. Such a rapid increase in the imaginary potential is much larger than one 
expects even if a quadratic energy dependence (Siwek-Wilczynska, Wilczynski, and 
Christensen 1974) is assumed. 
The distorted wave analysis 
Exact finite-range (EFR) distorted wave calculations were carried out for the four-
nucleon transfer reaction 24Mg(16O,12C)28Si leading to the ground and 1.77 MeV states 
of 28Si using the code LOLA (DeVries 1972). In the calculations, an α-cluster transfer 
from 16O to 24Mg nuclei was assumed. The corresponding bound-state wave functions 
in the projectile and residual nuclei were calculated in a Woods-Saxon potential with 
radius 3/125.1 A fm and diffuseness 0.65 fm, the depths being adjusted to obtain the 
experimental α-particle separation energies in 16O and 28Si.  
In our analysis, an attempt was made firstly to describe the reaction data for the 
ground-state transition at 40.2 MeV using the optical-model parameters obtained 
from the elastic scattering analysis. For simplicity, the same parameters were 
employed for both the entrance and exit channels. Such calculations gave a poor 
description of the measurements. However, a better fit to the angular distribution was 
obtained by adjusting the parameters of set 9 (Table 30.2) although similar attempts 
based upon parameter sets 6 and 8 were unsuccessful.  
Figure 30.2 shows the best fits to the experimental angular distributions. The 
corresponding set of parameters is listed as set 11 in Table 30.2. The theoretical cross 
sections were normalized using factors listed in Table 30.3 to bring them in line with the 
experimental data. These numbers, which correspond to a product of spectroscopic 
factors (see Chapter 29), are expected to be energy independent if the distorted wave 
theory is valid. As can be seen from Table 30.3, the normalization factors are not 
constant.  
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
331 
 
The significant energy dependence of the spectroscopic factors, as implied by such 
normalization factors, has been previously observed for this reaction at lower 
energies (Peng et al. 1976). While it is possible that the observed energy 
dependence could be at least partially removed by allowing the optical-model 
parameters to be smoothly energy dependent it is unlikely that the over-all shapes of 
the angular distributions could be reproduced at the same time. Moreover, the excitation 
functions calculated using such a smoothly energy-dependent potential would not 
exhibit rapid fluctuations of the type displayed in Figure 30.1. 
Figure 30.2 shows that the calculated curves describe qualitatively the strong oscillatory 
character at very forward angles and the smoother angular distribution for θc.m. > 25°. 
However, parameter set 11 gives a poor description of the elastic scattering data at 
40.2 MeV so there is a consistency problem. 
 
Table 30.3 
Normalization factors (DeVries 1973) for the 24Mg(16O, 12C)28Si reaction 
 
 
Figure 30.3 shows the distorted wave results for the 24Mg(16O,12C)28Si reaction 
leading to the 1.77 MeV +12  state in 28Si. These curves were also calculated using the 
parameter set 11. As can be seen, in this case, theory and experiment are out of 
phase. In order to remove this gross discrepancy, large changes in the optical-model 
parameters, away from those that describe the ground-state transition, would be 
necessary. In view of this problem and the over-all inconsistency of the optical model and 
distorted wave analyses, it was not considered worthwhile to attach much significance 
to the normalization factors of Table 30.3 or to attempt any determination of the 
alpha-nucleus spectroscopic factors. 
Discussion 
The angular distributions for the 24Mg(16O,12C)28Si reaction to the ground state of 28Si 
at Ec.m..  = 37.5, 40.2 and 43.5 MeV, corresponding to peaks in the excitation function 
for θ = 5°(lab), exhibit strong oscillatory structure at forward angles (θc.m. < 25°), which 
can be described reasonably well using the distorted wave formalism. However, it is 
easy to see that they can be also well described by the squares of Legendre 
polynomials, )(cos2 θJP , with J = 27, 29 and 31, respectively (see Figure 30.5).  
The well-pronounced resonances in the excitation functions of Figure 30.1 at Ec.m.  = 
28.2, 31.2 and 34.2 MeV have been similarly described (Paul et al. 1978) using J = 
21, 23 and 25, respectively. If these peaks arise from the enhancement of a single 
partial wave, one can use such Legendre polynomial comparisons to assign spin J to the 
corresponding maxima in the excitation functions. It is interesting to note, however, that 
the positions of forward-angle maxima in the angular distribution corresponding to the 
trough in the excitation function at Ec.m. = 39.0 MeV can also be well reproduced by a 
)(cos2 θJP distribution.  
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
332 
 
 
 
Figure 30.5. Legendre polynomial fits to the forward-angle cross sections of the experimental angular 
distributions measured at the indicated c.m. energies. 
 
The above values of J have been deduced assuming that only a single partial wave 
dominates the reaction. However, the deviations in Figure 30.5 between the 
)(cos2 θJP  fits and the data suggests that other partial waves, from either a non-
resonant reaction mechanism or overlapping resonances, also contribute. Indeed, for the 
energy range 24 ≤ Ec.m. ≤ 40 MeV, a study of the transfer reaction at backward angles 
(Paul et al. 1980) indicates that this is the case. It appears that the Legendre 
polynomial fitting procedure allows, at best, a determination of the dominant J - value to 
1± , and may be less precise in those cases where there is significant partial wave 
interference. 
For the energy region 37.5 - 43.5 MeV, the values of J extracted from our experiment 
by optimal )(cos2 θJP are shown in Figure 30.5 and are about two units greater than the 
grazing angular momenta (defined as the J - value of that partial wave which is 50% 
absorbed) for both the entrance and exit channels for the potential 11 of Table 30.2. The 
spin assignments for the resonant states at lower energies (Paul et al. 1978) have 
shown a similar correlation to the grazing angular momentum. 
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Figure 30.6. A plot of energies EJ for observed resonances against J(J+1). The J assignments made in 
our work are indicated by stars, those obtained from previous studies are given as open and closed 
circles (see the text). The best fit (straight line) has a band head of 29,8 MeV and an effective 
moment of inertia of 7,08 ×10-42 MeV·s2. 
 
A surface-transparent interaction of the type favoured by the distorted wave analysis 
discussed earlier allows the two colliding ions to retain their individual structure 
during a grazing collision and gives rise to the possibility of orbiting molecular states 
in which two ions rotate about the centre of mass of the composite system. To examine 
this possibility, we show in Figure 30.6 a compilation of J values for observed 
resonances. The compilation is based on the measurements by Clover et al. (1979) for 
the 24Mg(16O,16O)24Mg elastic scattering (closed circles), and by Paul et al. (1978, 1980), 
Peng et al. (1976), Clover et al. (1979), and Lee et al. (1979) for the 24Mg(16O,12C)28Si and 
28Si(12C,16O)24Mg reactions (open circles).   Stars denote the three new resonances we 
have observed.  
It can be seen that all the resonances lie close to a straight line suggesting a 
rotational-like band, which can be described by the following equation: 
0
2
)1(
2
EJJEJ ++ℑ
=
  
where ℑ  is the effective moment of inertia of the system and E0 is the band head. 
The gradient of the fitted straight line to the points corresponds to an effective moment 
of inertia of 7.08 x 10-42 MeV · s2 and the projected J = 0 resonance lies at 29.8 MeV. 
These values are in good agreement with the moment of inertia of 7.05 x 10~42 MeV · s2 
and the energy 31.6 MeV for the lowest resonance, J = 0, when 24Mg and 16O nuclei are 
just touching each other with no relative rotational energy as predicted by Cindro and 
Počanić (1980). The series of quasi-bound and virtual states (or shape resonances) of a 
molecular-like potential between two heavy ions are expected to form such a rotational-
like band.  
Summary and Conclusions 
We have measured excitation functions for the 24Mg(16O,12C)28Si (g.s., +12 ) reaction in 
the energy range of Ec.m. = 32.4 – 48.6 MeV at θ = 50 (lab). The chosen angle 
corresponds to a maximum in the angular distributions for the 24Mg(16O,12C)28Si 
reaction leading to the ground state in 28Si. We have observed three correlated 
maxima in the excitation functions corresponding to Ec.m. = 37.5, 40.2, and 43.5 MeV. 
We have measured angular distributions for the 24Mg(16O,12C)28Si (g.s. and +12 excited 
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state) at these resonance energies and at Ec.m.  = 39.0 MeV which corresponds to the 
trough between the first and the second observed maxima in the excitation function. In 
addition, we have measured angular distributions for the elastic scattering, 16O + 
24Mg at Ec.m.  = 37.5 and 40.2 MeV. 
The optical model analysis of the elastic scattering data yielded the required 
parameters, which we used in our distorted wave analysis of the transfer reaction 
data. We have found that while the theory reproduces reasonably well the measured 
distributions for the 24Mg(16O,12C)28Si reaction leading to the ground state, the 
calculated and experimental distributions for the first excited state, +12 , are out of 
phase. However, the theoretical distributions follow closely the angular trend of the 
measured cross sections. 
We have then analysed the angular distributions for the 24Mg(16O,12C)28Si (g.s.) 
using the square of the Legendre polynomials, )(cos2 θJP , and have found that the 
three observed resonances located at energies Ec.m.. = 37.5, 40.2, and 43.5 MeV can 
be assigned spins J = 27, 29 and 31, respectively. A compilation of earlier data 
combined with our new measurements has shown that the resonance structure observed 
in the reaction 24Mg(16O,12C)28Si can be described as nuclear molecular excitations of 
binary nuclear systems made of interacting heavy ions either in the incident or outgoing 
channels.  
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31 
The Interaction of 7Li with 28Si and 40Ca Nuclei 
Key features:  
1. Interaction of projectiles with 4 < A < 12 is difficult to describe theoretically. New data 
were needed to help to investigate and hopefully understand this problem. 
2. We have measured angular distributions for the elastic and inelastic scattering from 
28Si and 40Ca. These two target nuclei have been selected because of the differences 
in their collective excitations: rotational and vibrational, respectively. 
3. We have carried out standard and double folding optical model analysis of the elastic 
scattering. Both give similar and satisfactory description of the experimental angular 
distributions. We have found that the absorptive potential dominates the interaction of 
7Li with both 28Si and 40Ca nuclei.   
4. Both the elastic and inelastic scattering data for the 7Li + 40Ca system can be 
reproduced well using coupled-channels formalism. However, for the 7Li + 28Si 
interaction, the theory reproduces the trends of the differential cross sections but 
cannot fit simultaneously the elastic or inelastic distributions unless different 
deformation parameters are used. The problem might be associated with the mutual 
excitations of projectile and target nuclei and thus involving different collective 
structures, which are not accounted for in the available theoretical formalism.   
Abstract: Elastic and inelastic scattering of 45 MeV 7Li from 28Si and 40Ca have been 
measured and analysed. The inelastic scattering distributions corresponded to the excitation 
of the 1.78 MeV state in 28Si and to the 3.73 and 3.90 states in 40Ca. Double folding model 
calculations using a realistic effective nucleon-nucleon interaction similar to that used for the 9Be + 
28Si and 9Be + 40Ca scattering have been carried out for the elastic angular distributions. The real 
potential had to be renormalized to yield agreement with the measured cross sections. Coupled 
channels calculations using a Woods-Saxon potential were performed in an effort to describe both 
the elastic and inelastic angular distributions. The extracted deformation parameters are in 
reasonable agreement with those obtained from light and heavier ion scattering from the same 
target nuclei. The effect of strong excitation of the 0.48 MeV state in 7Li and of mutual excitation of 
target and projectile is considered in a qualitative manner. 
Introduction 
The region between light (A < 4) and heavy (A > 12) projectiles is challenging 
because of the problems encountered in theoretical interpretations of experimental 
data. In particular, the double folding model (Satchler 1976; Satchler and Love 1979) 
with a realistic nucleon-nucleon interaction, which has been successful in describing 
the elastic α and heavy ion scattering, is not as successful in describing the elastic 
scattering of 6Li, 7Li, and 9Be from the same target nuclei unless the real double 
folding potential is reduced by a factor of about 0.4 to 0.6.  
Furthermore, the optical model using either the calculated double folding potential or 
one of Woods-Saxon shape, indicates that the effective interaction distance for these 
intermediate nuclei is larger than for α and heavy-ions (Balzer at al. 1977; Ungricht 
et al. 1979). Perhaps more important is a transition from the dominance of the real 
potential to the dominance of the imaginary potential as one proceeds through this 
intermediate region between A = 4 and A = 12 projectiles. In particular, the 
interaction of 6Li with 28Si suggests weak absorption (DeVries et al. 1977) but a study 
of elastic, inelastic, and fusion interactions of 9Be with A = 20 - 60 targets indicates 
the dominance of a strong absorption (Zisman et al. 1980). 
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In order to investigate this transition in the absorption strength, we have measured 
the elastic and inelastic scattering cross sections for the excitation of the 1.78 MeV 
state in 28Si, the 3.73 and 3.90 MeV states in 40Ca, and the 0.48 MeV state in 7Li 
using 7Li projectiles at a bombarding energy of 45 MeV. In addition, we have 
measured the cross section for mutual excitation of the 0.48 MeV state in 7Li and the 
1.78 MeV state in 28Si. The experimental details are given below.  
The measured elastic cross sections were fitted using both the standard optical 
model as well as the double folding procedure (Satchler and Love 1979), which was 
successful in describing the elastic scattering of α particles, and heavy ions (A > 12). 
The inelastic cross sections were fitted using the coupled channels formalism. 
Deformation lengths and deformation parameters are extracted from the fitted cross 
sections and compared with those obtained from measurements using other projec-
tiles (Hendrie 1973; Thompson and Eck 1977). The effect of the absorptive potential 
on the calculated cross sections is investigated and compared to the dominance it 
exhibits in the case of 9Be scattering from the same target nuclei (Zisman et al. 
1980). 
Experimental procedure  
The 7Li beam was extracted from a sputter source in the form of 7Li- and was 
injected into the ANU 14D Pelletron accelerator. The targets consisted of ~200 µ/cm2 
self-supporting SiO2 (greater than 99.5% enriched in 28Si) or ~160 µ/cm2 Ca (greater 
than 99.8% enriched in 40Ca) evaporated onto 10 µ/cm2 C foils. The scattered 7Li 
ions were detected using the Enge split pole magnetic spectrograph and a focal 
plane detector, which was operated in the light-ion mode (Ophel and Johnston 
1978). The states in 28Si, 40Ca, and 7Li were clearly resolved for up to about 7 MeV 
excitation energy by gating on the 7Li mass. A typical spectrum for 7Li + 28Si is shown 
in Figure 31.1 
 
Figure 31.1. Typical position spectrum gated on the 7Li mass for the 7Li + 28Si scattering at θ = 30° 
(lab) obtained using the Enge split pole spectrometer and the focal plane detector. 
The relative normalization was obtained by using a monitor detector placed at a 
laboratory angle of 15°. The absolute normalization was carried out by normalizing 
the measured cross sections to Rutherford scattering at a bombarding energy of 25 
MeV and a laboratory scattering angle of 7.5°. The absolute normalization is 
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accurate to about 10%. The measured angular distributions are shown in Figures 
31.6 – 31.9.  
The elastic and inelastic angular distributions fall off quickly with increasing angle 
and show strong diffraction-like patterns. In the measured angular range (10° < θc.m. 
< 80°), there is no indication of any levelling off or rising of the cross section with 
increasing angle as has been observed for 12C + 28Si and 160 + 28Si (Braun-Muzinger 
et al. 1977; Clover et al. 1978). 
Theoretical analysis 
The optical-model analysis  
Prior to carrying out the coupled channels calculations, the elastic scattering angular 
distributions were fitted using a standard optical model Woods-Saxon potential 
defined in Chapter 29. 
The initial parameters were chosen to be those of Cramer et al. (1976), which were 
used to fit I6O + 28Si scattering over a wide energy range. Only V and W were varied 
and the best-fit parameters are listed in Table 31.1. The calculated best-fit cross 
sections are shown in Figure 31.2 and 31.3 for 7Li + 28Si and 7Li + 40Ca, respectively.  
Table 31.1 
Best-fit optical-model parameters 
 
 
The ratio of the real to the imaginary potential was calculated at r = Dl/2 where Dl/2 is 
the distance of closest approach for the Rutherford orbit for which l=L l / 2 .  L1/2 is the 
value of l  at which the transmission coefficient T = 1/2. The Dl/2, L l / 2 , and the ratio of 
W/V evaluated at Dl/2 are listed in Table 31.1.  
The next step was to refine the calculations by using a double folding model. The 
double folding procedure used in our study is the same as that used by Satchler 
(1976, 1979) and Satchler and Love (1979) to describe 6Li, 12,13C, 14,15N, and 16,17,18O 
scattering from 28Si, 40Ca, and other nuclei in the same mass region.  
The real component of the interaction potential may be written as: 
∫ +−= 212121 )()()()( rdrdrrRVrrRU NNF


ρρ  
where R is the distance between the centres of the nuclei, 1ρ and 2ρ  are the nucleon 
distributions in the interacting nuclei, and )(rVNN
 is the effective nucleon-nucleon 
interaction. 
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Figure 31.2. The calculated angular distribution for the 7Li + 28Si elastic scattering at E(7Li) = 45 MeV 
using the Woods-Saxon optical model potential and parameters of Table 31.1 are compared with our 
experimental data. 
 
Figure 31.3. The calculated angular distribution for 7Li + 40Ca elastic scattering at E(7Li) = 45 MeV 
using the Woods-Saxon optical model potential and parameters of Table 31.1 are compared with our 
experimental data. 
 
  
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
340 
 
The most widely used forms for the )(rVNN
 interaction are Reid or Paris (Brandan 
and Satchler 1997; Lacombe et al. 1981; Reid 1968; Satchler and Love 1979). In our 
calculations, we have used the soft-core Reid potential. The method for constructing 
the density distributions is described by Satchler and Love (1979). The real folded 
potential )(RUF  thus constructed is multiplied by a normalizing factor N, where N is 
varied to obtain the best fit.  
A Woods-Saxon imaginary term with )( 3/13/10 tp AArR +′=′ , where p stands for projectile 
and t for target, is added to give the total potential. In our work, 0r′  was fixed at the 
value of 1.3 fm. The normalization parameter N for the real potential, the imaginary 
potential strength W, and the diffuseness of the imaginary well 0a′ , were then varied 
to obtain the best fit. The best fit parameters are given in Table 31.1 and the best 
folding model fit calculations for the measured elastic scattering angular distributions 
are shown in Figures 31.4 and 31.5. As can be seen from Table 31.1, the L l / 2  values 
are slightly different for each potential for both the 7Li + 28Si and 7Li + 40Ca scattering. 
The ratios of W/V indicate the dominance of strong absorption at r = Dl/2 in both 
cases. 
 
Figure 31.4. Folding model calculation (solid curve) for the 7Li + 28Si elastic scattering at E(7Li) = 45 
MeV using the realistic nucleon-nucleon potential. See the text for details. Experimental cross 
sections are shown as closed circles. 
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Figure 31.5. Folding model calculation (solid curve) for the 7Li + 40Ca elastic scattering at E(7Li) = 45 
MeV using the realistic nucleon-nucleon potential. See the text for details. Experimental cross 
sections are shown as closed circles. 
 
In order to fit the cross sections, it was necessary to renormalise the potential by a 
factor of N ≈ 0.58. This result is similar to that obtained for 6Li and 9Be scattering 
from the same target nuclei. It has been shown recently that the necessity for this 
renormalization is eliminated for the case of 7Li and 9Be scattering if quadrupole ef-
fects (and therefore reorientation) are included in the data analysis (Hinzdo, Kemper, 
and Szymakowski 1981). A difficulty with this approach is that it does not eliminate 
the necessity for renormalization of the potential for 6Li scattering (Satchler and Love 
1979). 
Coupled-channels calculations 
The coupled channels calculations were performed using the computer code ECIS79 
(Raynal 1972, 1981), which I have adapted earlier to run on an ANU computer. The 
calculations were carried out using 80 partial waves and assuming that the low 
excited states of 28Si can be described using a rotational model while the lowest 
states of 40Ca can be described by a vibrational model. Radial integrations were 
carried out to 40 fm to account properly for Coulomb excitation. The optical model 
parameters obtained from fitting the elastic cross section were utilized except that W 
was reduced by about 10% and the quadrupole deformation parameter β2 was 
varied to obtain the optimal fit.  
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The fits produced by this technique were not totally satisfactory. The fit for β2 = -0.l5 
and W = 11.69 is shown in Figure 31.6. For these parameters, the fit to the elastic 
cross section is good but for the inelastic cross section is too low in magnitude and 
exhibits too much structure. Increasing the absolute magnitude of the quadrupole 
deformation parameter to β2 = -0.25 improves the fit to the inelastic cross section but 
causes a deterioration in the elastic fit due to a reduction in the calculated diffraction 
structure, especially at back angles. This can be remedied slightly by decreasing W 
but this procedure exaggerates the diffraction oscillations. The fit obtained for β2 = -
0.25 and W = 15.00 MeV is shown in Figure 31.7.  
 
 
Figure 31.6. Angular distributions for the elastic and inelastic scattering (to the 1.78 MeV state in 28Si) 
of 45 MeV 7Li projectiles. The elastic scattering cross section is shown as a ratio to the Rutherford by 
the upper set of closed circles. The inelastic cross section is given in absolute units and is shown by 
the lower set of closed circles. The solid curves are the cross sections calculated using the coupled 
channels theory assuming the deformation parameter β2 = -0.15 and W = 11.69 MeV. See the text for 
details. 
 
Inelastic scattering to the 0.48 MeV state in 7Li and the mutual excitation of the 0.48 
and 1.78 MeV states have not been included in the calculation. These cross sections 
are shown in Figure 31.8 and comparison with Figure 31.6 or 31.7 shows that these 
neglected cross sections are similar in magnitude to the cross section for exciting the 
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1.78 MeV state and need to be included explicitly in the coupled channels calculation 
if better results are to be expected. Unfortunately, this kind of calculations has been 
inaccessible within the available theoretical framework.   
 
 
Figure 31. 7. Experimental angular distributions are as displayed in Figure 31.6. The calculated 
curves are for the deformation parameter β2 = -0.25 and W = 15 MeV. See the Caption to Figure 31.6 
and the text for details. 
 
The 7Li + 40Ca elastic and inelastic cross sections were fitted using a second order 
vibrational model to describe the low-lying 2+ and 3- states of 40Ca. The 3.73 (3-) 
state is assumed to be the excitation of one octupole phonon and the 3.90 (2+) state 
is assumed to be the excitation of a single quadrupole phonon.  
By reducing W and adjusting β2 and β3  the obtained fits are shown in Figure 31.9. 
For this case W = 18.00 MeV, β2  = 0.06, and β3  = 0.15. As can be seen, the fits to 
both elastic and inelastic scattering angular distributions are quite satisfactory. For 
7Li + 40Ca the excitation of the 0.48 MeV state in 7Li is also relatively strong but its 
exclusion from the calculation does not appear to affect strongly the final fits. The 
values of β2 and β3 can be compared with those obtained from α particle scattering 
from 40Ca at Eα = 29 MeV by calculating the deformation distance lδ defined as lδ = 
Rlβ , where the potential radii from α + 40Ca and 7Li + 40Ca scattering are 4.76 and 
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7.20 fm, respectively. The deformation distances are compared in Table 31.2. The 
agreement for β2R is fair but there is a significant difference for β3R.  
 
 
Figure 31.8. Measured cross sections for excitation of the 0.48 MeV state of 7Li (upper set of points) 
and for mutual excitation of the 0.48 MeV state of 7Li and the 1.78 MeV state of 28Si (lower set of 
points) by 7Li + 28Si scattering at E(7Li) = 45 MeV. 
 
 
Figure 31.9. Angular distributions for the elastic scattering and inelastic scattering (to the 3.73 and 
3.90 MeV states in 40Ca) of 45 MeV 7Li projectiles. Elastic scattering shown as a ratio to the 
Rutherford by the upper set of points. Inelastic cross sections for the excitation of the 3.73 and 3.90 
MeV states are given in absolute units and are indicated by the middle and bottom sets of dots, 
respectively. The solid curves are cross sections calculated using the coupled channels formalism and 
the deformation parameters β2  = 0.06, and β3  = 0.15. 
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Table 31.2 
Deformation lengths for 40Ca 
 
Summary and conclusions 
Angular distributions for the elastic and inelastic scattering cross sections for 7Li 
scattering from 28Si and 40Ca targets have been measured and analysed. The low-
lying excited states of both target and projectile are strongly excited and in the case 
of 7Li + 28Si scattering mutual excitations of both target and projectile are significant.  
Double-folding model calculations of the elastic scattering cross sections yield 
potentials, which must be renormalized by a factor of 6.0≈  in order to fit adequately 
the measured cross sections.  
Coupled channels calculations for 7Li + 28Si reproduce the trends of the experimental 
data.  However, the theory requires different deformation parameters to fit either the 
elastic or inelastic distributions. In the case of 7Li + 40Ca scattering, the cross 
sections for the ground state, the first excited state (3-) at 3.73 MeV, and the second 
excited state (2+) at 3.90 MeV are well described using the coupled channels 
formalism. Comparison of the deformation lengths obtained here and those obtained 
from α +40Ca scattering are in fair agreement for β2 but not for β3.  
Considering the fairly good agreement between the theory and experiment for the 7Li 
+ 40Ca interaction the problems encountered with the theoretical interpretation of the 
7Li + 28Si scattering is hard to explain. In both cases, the same projectile is used, so 
the argument based on the weakly bound nature of 7Li appear unconvincing. The 
problem might be associated with the mutual excitation of 7Li and the target nucleus, 
which are not accounted for by the available coupled channels formalism. Even 
though the projectile is the same for the 7Li + 28Si and 7Li + 40Ca, the target nucleus 
is different. Excited states in 28Si can be described using rotational model, whereas 
40Ca is a spherical nucleus, which exhibits vibrational excitations. The 2+ state in 28Si 
has a sizable quadrupole moment of around +(16 ± 3) efm2 (Stone 2001). The mutual 
excitations of different collective structures might have a substantial effect on the 
coupling to the observed transitions and thus influence the character of the 
measured angular distributions.   
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32 
Triaxial Structures in 24Mg 
Key features:  
1. High-resolution measurements were carried out for the elastic and inelastic scattering 
of 16O from 24Mg nuclei using 72.5 MeV (lab) 16O beam. The doublet of states, 
4.12/4.24 MeV, essential in a study of triaxial deformation of 24Mg has been resolved 
for the first time for heavy ion projectiles.  
2. Energy level schemes for 24Mg have been calculated assuming a rigid asymmetric 
( 0≠γ ) rotor. We have used both the standard and extended Davydov-Filoppov 
model.  
3. Inclusion of hexadecapole deformation resulted in a better description of reduced 
transition rates. 
4. Coupled channels analysis of experimental angular distributions were carried out 
using three types of the interaction potential containing the quadrupole and 
hexadecapole deformations for both the real and imaginary components. Nearly 
prefect fits were obtained for a surface-transparent potential with a moderate real 
depth.  
5. Deformation distances for the quadrupole and hexadecapole deformations compare 
well with the lengths obtained for light projectiles. 
6. The effect of hexacontatetrapole component in the interaction potential has been 
investigated and found to be negligible.   
Abstract: Angular distributions for the elastic and inelastic scattering of 16O from 24Mg, 
exciting the +12 , 1.37 MeV,
+
14 , 4.12 MeV and 
+
22 , 4.24 MeV states, have been measured at 
Ec.m. = 43.5 MeV, the energy at which resonance-like structure has been observed previously 
in the related 24Mg(16O,12C)28Si reaction. The +14 , 
+
22  doublet has been resolved for the first 
time for heavy-ion projectiles. The data have been well described by coupled-channels 
calculations within the framework of the Davydov-Filippov asymmetric rotor model for the low-
lying states of 24Mg, which has been extended to include a symmetric hexadecapole shape 
component. The optical model potential for the 16O + 24Mg interaction was found to have a 
moderate real well depth and surface transparency. The shape parameters for the nuclear 
potential were determined to be )(2
Nβ  = 0.25, γ = 22° and )(4
Nβ  = -0.065 and the 
corresponding deformation distances are in good agreement with earlier light-ion results. The 
inclusion of a negative symmetric hexadecapole component leads to an improved description 
of the reduced transition rates. The triaxial structure of 24Mg is discussed. 
Introduction 
The possible existence of triaxial structures in some 2s-1d shell nuclei has been 
discussed since the early 1960's. Of specific interest in this work was the nucleus 
24Mg, which was considered during that early period (Batchelor et al. 1960; Cohen 
and Cookson 1962) within the framework of the Davydov-Filippov (1958) model.  
In this model the nucleus is considered to be a rigid ellipsoid with quadrupole 
deformation rotating about its centre of mass. The conclusions of that early work 
were summarized by Robinson and Bent (1968) who pointed out that the Davydov-
Filippov model, when evaluated for γ = 22°, which gives the best description of the 
energy separations for the low-lying states of 24Mg, was unable to predict many of 
the branching ratios and magnitudes of the reduced transition rates. 
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Measurements of lifetimes and branching ratios for 24Mg (Branford, McGough, and 
Wright 1975) are in closer agreement with the expectations of a Davydov-Filippov 
model with γ  = 21.5° for the intra-band transitions although some of the cross-band 
transitions are still poorly described. Branford, McGough, and Wright (1975) have 
pointed out that both sets of transitions are better described with γ  = 14°, a value 
which unfortunately places the +22  state at 10.8 MeV excitation energy. It is also not 
clear whether one should associate the +24  model state with the level observed at 
6.01 MeV or with that at 8.44 MeV, although energy considerations favour the latter.  
The calculations of Aspelund (1982) using the rotation-vibration model of Faessler 
and Greiner (1962) indicate non-negligible band-mixing for the 4+ states but give the 
level at 8.44 MeV as the third member of the K = 2 band. The existence of two 4+ 
levels between 6 and 9 MeV excitation energy (in addition to several other states) 
contrary to the rigid asymmetric rotor model indicates that this model may not 
provide a good description of these higher 4+ states in 24Mg. 
A revived interest in the use of an asymmetric rotor model for 24Mg is motivated by 
two considerations. First, the increased sophistication of coupled-channels analyses 
of elastic and inelastic scattering experiments has prompted extensive use of such 
approaches to determine nuclear shape parameters of low-lying levels of light nuclei. 
For 24Mg, Hartree-Fock and other calculations (Abgrall et al. 1969; Grammaticos 
1975; Kurath 1972) indicate triaxial deformations for the ground (K = 0) and K = 2 
rotational bands, and analyses of proton (Eenmaa et al. 1974; Lombard, Escudié 
and Soyeur 1978; Lovas et al. 1977) and α - particle (Kokame et al. 1964; Tamura 
1965; van den Borg, Harakeh, and Nilsson 1979) inelastic scattering from 24Mg have 
been carried out within an asymmetric rotor model framework. 
The second reason arises from the observation of considerable resonance-like 
structure in excitation functions for heavy-ion reactions, particularly those involving 
the nuclei 12C, 16O, 24Mg and 28Si. It has been proposed, in some cases at least, that 
the observed resonances, which are too narrow to be readily described in terms of 
simple shape resonances associated with quasi-bound states in a molecular-like 
potential between the two ions, should be interpreted as intermediate structure which 
arises in a "doorway-state" model in which either the initial or final channel couples 
to another degree of freedom of the system (Abe, Kondo, and Matsuse 1980; Fink, 
Scheid, and Greiner 1972; Imanishi 1968, 1969; Kondo, Matsuse, and Abe 1978; 
Michaud and Vogt 1969, 1972; Scheid, Greiner, and Lemmer 1970). In particular, it 
has been suggested (Nurzynski et al. 1981) that resonant structure observed in the 
24Mg(16O,12C)28Si reaction may be a consequence of strong couplings between the 
elastic and inelastic channels of either the initial or final systems.  
The first step in the testing of the initial-system coupling hypothesis is a detailed 
coupled-channels analysis of the 24Mg + 16O system. The light-ion work mentioned 
above suggests that an asymmetric rotor model is an appropriate starting point for 
such analyses. An earlier attempt (Eck et al. 1981) at such an analysis was 
hampered by an experimental inability to resolve the +14  and 
+
22  states in 24Mg and 
the lack of forward-angle data. 
The discussion presented in this chapter is about the measurements of elastic and 
inelastic scattering at 43.5 MeV (c.m.) of 16O from 24Mg, with particular emphasis on 
resolving the closely-spaced +14 , 
+
22  doublet near 4.2 MeV. The bombarding energy 
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was chosen to correspond to a peak in the related 24Mg(16O,12C)28Si excitation 
function (see Chapter 30) in order to study the nature of the 24Mg + 16O interaction at 
an energy close to one of its possible shape resonances. Since the inelastic 
scattering at forward angles is expected to be much less sensitive than the transfer 
reaction to a single resonating partial wave, the data should also permit a reasonable 
extraction of 24Mg shape parameters.  
Experimental procedure and results 
In this experiment, special effort was made to resolve the doublet near 4.2 MeV 
excitation energy in 24Mg. For this purpose, very thin targets were used and a high-
resolution delay-line focal-plane detector (Leigh and Ophel 1982) was employed to 
detect the reaction products at the focal plane of a split-pole Enge spectrometer. The 
targets were prepared by vacuum evaporation of a thin (~ 5 µg/cm2) layer of 
enriched (99.92%) 24Mg on to a comparable thickness of carbon backing. A beam of 
72.5 MeV 16O projectiles was provided by the Australian National University 14 UD 
Pelletron accelerator. The incident 16O energy corresponded to one of the 
resonances observed earlier (Nurzynski at al. 1981) in a study of the reaction 
24Mg(16O,12C)28Si. 
 
 
Figure 32.1. Energy spectrum taken at 19° (lab) for the scattering of 16O from 24Mg and contaminating 
elements at 72.5 MeV (lab) bombarding energy. 
 
Data were recorded in event-by-event mode on magnetic tapes using a HP-2100 
data acquisition system. Measurements of the angular distributions for both elastic 
scattering and inelastic scattering to the +12  (1.37 MeV), 
+
14  (4.12 MeV) and 
+
22  (4.24 
MeV) states in 24Mg were carried out in steps of 1° for the angles 4° - 29° (lab). The 
horizontal acceptance angle of the magnetic spectrometer was 1°. At the most 
forward angles, the elastic and inelastic scattering cross sections were measured 
separately. For the inelastic groups, good statistics were obtained by blocking the 
elastic group and maintaining high beam intensities. Between about 300 and 2000 
counts were obtained for each member of the doublet and the overall resolution of 
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the detector system was maintained at 80 - 100 keV (FWHM) over the data 
collection periods, which were as long as 4 hours for some angles. 
Events corresponding to 16O + 24Mg scattering were selected from the magnetic 
tapes using two-dimensional windows and a typical 16O particle spectrum as shown 
in Figure 32.1. The doublet near 4.2 MeV was analysed by fitting skewed Gaussian 
distributions obtained from the elastic and the +12 inelastic peaks. Absolute cross 
sections were determined by normalization of the data to Rutherford scattering at 
forward angles and the resultant angular distributions are displayed in Figures 32.3, 
32.4 and 32.6. For certain angles, the inelastic scattering data were obscured by 12C 
and 16O elastic scattering. The main sources of error in the individual points of the 
angular distributions are statistical errors and uncertainties arising from inaccuracy of 
the peak fitting. 
Extended rigid asymmetric rotor model of 24Mg 
The rigid asymmetric rotor model of Davydov and Filippov (1958), which describes 
only quadrupole deformation, has been extended by Baker (1979) and Barker at al. 
(1979) to include hexadecapole deformation. This extended model is employed in 
the present work for the analysis of 16O scattering from 24Mg. 
It is assumed that the nuclear charge density is uniform inside a radius given in the 
intrinsic coordinate system by 
( ) ( ){ }444444244242404222222020 )(sin2/1cos1
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−−− ′+′+′+′+′′+′+′+
=′′
YYaYYaYYYYR
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βγβγβ
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where ),( φθλµλµ ′′=′ YY . The rigid rotor Hamiltonian for such a distribution has been 
derived by Baker (1979) assuming that the inertial parameters (B2 and B4) satisfy the 
irrotational relation (Strutt 1926) (i.e. B = B2 = 2B4). In our study, for simplicity, we 
have considered only symmetric hexadecapole shapes (i.e. a42 = a44 = 0). The 
Schrödinger equation for the triaxial system has the form: 
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where kJ  are the operators of the projection of the nuclear angular momentum on 
the axes of the body-fixed coordinate system. The wave function ψ  for the nth state 
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and the eigenvalues and eigenvectors can be obtained by standard techniques 
(Eisenberg and Greiner 1975). 
To evaluate transition probabilities and moments of the nucleus, the reduced matrix 
elements of the electric multipole operators ),( µλEΜ are required in space-fixed 
coordinates. We have 
λ
µλµλ v
v
DvEE ),(),( ∑Μ′=Μ  
where ),( µλEΜ′ are the corresponding Eλ spherical tensor operators in the body-
fixed coordinate frame given in terms of a volume integral over the nuclear charge 
density ρ by the relation 
τφθρµλ λλ ′′′′=Μ′ ∫ drrYE v ),,(),(  
For the standard Davydov-Filippov model (i.e. β4 = 0), explicit expressions for the 
energies of some of the low-lying energy levels and first-order terms for the reduced 
2E  transition probabilities have been given (Davydov and Filippov 1958; Davydov 
and Rostovskii 1959). In particular, the ratio of the energies of the +22  and 
+
12  states 
is a function of the angle γ only. One has 
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which gives γ  ≈ 22° for 24Mg.  
Normalization of the energy scaling 22
2 4/ βB  to the experimental value of the +12  
state yields spectrum A of Figure 32.2. It is seen that good agreement with 
experimental values (Endt and van der Leun 1978) is obtained for the low-lying 
levels and that the +24  predicted level lies much closer to the 4+ state at 8.44 MeV 
rather than that at 6.01 MeV.  
It should be noted that at 8.44 MeV excitation energy, a close (4+,1-) doublet has 
been identified (Ollerhead et al. 1968). The corresponding )2(EB  and quadrupole 
moment of the +12  state ( +
12
Q ) predictions using the Davydov-Filippov expressions 
(Davydov and Filippov 1958; Davydov and Rostovskii 1959) are presented in the 
fourth column of Table 32.1. Comparison with the experimental values (Branford, 
McGough, and Wright 1975; Fewell et al. 1979) shows good agreement for the intra-
band transitions and +
12
Q . However, some of the cross-band transition rates 
[ ++ → 12 22 ,
++ → 143 and 
+4 (6.01 MeV) +→ 14 ] are predicted to be too high. Similar 
discrepancies have been obtained in both shell-model (Lombard, Escudié and 
Soyeur 1978) and Hartree-Fock (Branford, McGough, and Wright 1975) studies. In 
Table 32.1, the decay properties of the +14  model state are compared with the 
available data (Branford, McGough, and Wright 1975; Meyer, Reinecke, and 
Reitmann 1972) for both the 6.01 and 8.44 MeV levels. 
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Figure 32.2. Energy levels for 24Mg predicted by rigid triaxial rotor models are compared with 
experimental values (Endt and van der Leun 1978). Result A is for the standard Davydov-Filippov 
(1958) model with γ = 22°. Results B and C include a symmetric hexadecapole deformation β4 = -
0.26β2, with γ = 22° and 18°, respectively. In each case, the energy scale is normalized by matching 
the energy of the +12 (1.37 MeV) state. 
 
Figure 32.2 and Table 32.1 also show the results when a symmetric hexadecapole 
deformation (β4/β2 = - 0.26) is included. The values of the parameters β2 and β4 for 
this ratio were determined by a coupled-channels analysis of the 24Mg(16O,16O') data 
discussed in the next section. The resultant level spectrum, assuming γ = 22° (result 
B), gives a somewhat poorer separation of the +14  and 
+
22  states. However, the 
)2(EB predictions for the ++ → 12 22 ,
++ → 143 and 
+4 (6.01 MeV) +→ 14  cross-band 
transitions are significantly improved. The predictions for these transitions can be 
brought into close agreement with experimental values by retaining the non-zero β4 
deformation but reducing the value of γ to 18° (last column of Table 32.1). On the 
other hand, Figure 32.2 shows (result C) that the corresponding energies for the K = 
2 band states now lie far too high relative to those of the ground-state K = 0 band so 
the smaller value of γ seems unsatisfactory. 
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Table 32.1 
The values of the γ transition probabilities )2(EB and quadrupole moments +
12
Q  for 24Mg 
 
All calculated values assume 3/10 25.1 tAR = fm and 3.7
2
02 =Rβ fm2. 
Davydov-Filippov – Only quadrupole deformation is considered.  β4/β2 = -0.26 – The effect of 
including both quadrupole and hexadecapole deformations. 
Coupled-channels analysis 
Coupled-channels calculations for the elastic and inelastic scattering of 16O from 
24Mg at a bombarding energy of 72.5 MeV (Ec.m. = 43.5 MeV) were performed using 
the computer code ECIS79 (Raynal 1972, 1981)3. The 0+ (g.s.), +12 (1.37 MeV), 
+
14  
(4.12 MeV) and +22  (4.24 MeV) states in 24Mg were included in all the calculations 
and select computations to obtain the final results were carried out including also the 
3+ (5.24 MeV), 6+ (8.11 MeV) and 4+ (8.44 MeV) states. The calculations involving 
the full set of six excited states took an order of magnitude longer to perform than 
those in which only the lowest three excited states were taken into account. Thus, 
most of the preliminary calculations were carried out employing the smaller set of 
states. All the calculations employed the Coulomb correction technique developed by 
Raynal (1980,1981) with matching at a radius of approximately 14 fm. Comparison 
with conventional calculations with matching near 40 fm indicated agreement to 
better than 2% in the predicted angular distributions for all states included in the 
coupling scheme. 
The deformed optical potential was of the form 
),,(),,(),,( φθφθφθ rVrUrU CN +=  
where 
),,(),,(),,( φθφθφθ riWfrVfrU WVN −−=  
with 
( )[ ]{ }[ ] 10/),exp1),,( −−+= aRrrf VV φθφθ  
( )[ ]{ }[ ] 10/),exp1),,( −′−+= aRrrf WW φθφθ  
                                               
3 See Chapter 16. 
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and   the   Coulomb   potential   is   generated   from   the deformed   charge   
density according to the relation 
∫∫ ′′−
′
=
),(),(2 /),,(
φθφθ
φθ CC
RR
tpC rdrr
rdeZZrV 


 
Here Zpe and Zte denote the charges of the incident and target nuclei, respectively. 
The deformed radius for the triaxial rotor under consideration has the form 
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The quantities Ap, and At are the atomic mass numbers of the projectile and the 
target nucleus, respectively. 
A number of optical potentials have been considered in the present work. These are 
presented in Table 32.2 and are discussed in the following section. The angle γ was 
set at 22° in accord with the requirement to describe the energy level spectrum for 
24Mg as discussed earlier. For simplicity, the real and imaginary nuclear potential 
deformations were constrained to be identical (i.e. )(2
Vβ = )(2
Wβ = )(2
Nβ and )(4
Vβ = )(4
Wβ = 
)(
4
Nβ ) but otherwise were treated as free parameters. The quadrupole Coulomb 
deformation )(2
Cβ , was constrained to satisfy the relation 3.72)(2 =C
N Rβ  fm2, a value 
determined by matching the relevant )2(EB and +
12
Q experimental values for 24Mg, as 
discussed in the previous section.  
In each case, the )(4
Cβ value was determined by requiring that the ratio )(2
)(
4 /
CC ββ be 
identical to the corresponding ratio, )(2
)(
4 /
NN ββ , for the nuclear deformation. It should 
be noted that the predicted angular distributions were found to be relatively 
insensitive to the inclusion of the )(4
Cβ deformation. 
Finally, in the coupled-channels calculations, it is necessary to specify the wave 
functions for the relevant 24Mg states expressed as an expansion in the standard 
IMK basis states (see the previous section). In each case, these wave functions 
were determined using γ and 24 / ββ values consistent with those used in the 
deformed nuclear and Coulomb potentials. 
Optical model potential and shape deformation parameters 
Previously reported (Nurzynski et al. 1981) optical model analysis of 16O scattering 
from 24Mg and studies for neighbouring mass systems have led to three broad 
classifications of possible potentials (see Chapter 30): 
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(i) Deep real potential wells (~ 80 MeV) with strong absorption strength and nearly 
the same geometrical parameters ( 00 rr ≈′ and 00 aa ≈′ ).  
 (ii) Moderate real potential wells (~ 30 MeV) with weak absorption strength and 
00 rr ≤′ , 00 aa ≤′ . 
(iii) Shallow real potential wells with moderate absorption strength and 00 rr <′ and 
00 aa <′ . 
Potentials of types (ii) and (iii) give rise to surface transparency. In the work 
described in this chapter, potentials in each of these classes have been examined. 
Table 32.2  
Optical model potentials 
 
 
Figure 32.3. Angular distributions (dots) for the reactions 24Mg(160,16O')24Mg* (0+,g.s.; +12 , 1.37 MeV; 
+
14 , 4.12 MeV; 
+
22 , 4.24 MeV) measured at Ec.m. = 43.5 MeV are compared with coupled-channels 
calculations using potential 1 (solid curves) of Table 32.2 and potential 3 (dashed curves). The 
deformation parameters are )(2
Nβ = 0.30 and )(4
Nβ = - 0.065 (for the solid curves) and )(2
Nβ = 0.35 
and )(4
Nβ = - 0.10 (for the dashed curves). 
 
Figure 32.3 shows typical results for a deep real potential well (potential 1) of Table 
32.2, which is based upon potential 6 of Nurzynski et al. (1981) with )(2
Nβ = 0.30 and 
)(
4
Nβ = - 0.065 (solid curves). The figure contains also results for the shallow real 
potential (potential 3 of Table 32.2). In these calculations, represented by dashed 
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lines in Figure 32.3, the best fits were obtained for the deformation parameters 
)(
2
Nβ = 0.35 and )(4
Nβ = - 0.10. Potential 3 is similar to that used by Cramer et al. 
(1976) in their analysis of 16O scattering from 28Si and by Eck et al. (1979) in analysis 
of the 24Mg(160,16O')24Mg* scattering at 67 MeV bombarding energy. It can be seen 
that both sets of calculations produce unsatisfactory fits to the experimental angular 
distributions.   
Figure 32.4 shows the results obtained for potential 2 of Table 32.2 with  )(2
Nβ = 0.25 
and )(4
Nβ = - 0.065. For this moderate real potential well, nearly perfect agreement 
with the data is obtained for the magnitudes and shapes of the four angular 
distributions, although some of the details are not well described. While the whole of 
parameter space could not be searched, it seems unlikely that these fits could be 
improved significantly. 
 
Figure 32.4. Angular distributions (dots) for the reactions 24Mg(16O,16O')24Mg* (0+,g.s.; +12 , 1.37 MeV; 
+
14 , 4.12 MeV; 
+
22 , 4.24 MeV) measured at Ec.m.  = 43.5 MeV are compared with coupled-channels 
calculations (solid curves) using potential 2 of Table 32.2, )(2
Nβ = 0.25 and )(4
Nβ = - 0.065. 
 
Some of the discrepancies arise probably from insufficiencies of the extended 
asymmetric rotor model employed for the calculations. For example, for simplicity 
and consistency, the deformation parameters for the states of the K = 2 band were 
taken to be identical with those for the ground-state band although the analysis of 
van der Borg et al. (1979) suggests otherwise. Furthermore, the optical model 
potentials were constrained to have Woods-Saxon form factors and no parity-
dependent term (Dehnhard, Shkolnik, and Franey 1978).  
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Potential 2 is similar to potential 11 of Nurzynski et al. (1981, see Chapter 30), which 
was found to give a satisfactory description of the ground-state transition for the 
24Mg(16O,12C)28Si transfer reaction. However, it is less surface transparent since the 
geometries of the real and imaginary potentials are similar. Attempts to fit the 
present data with more surface transparent interactions led to too much structure at 
larger angles. It is possible that the use of an explicit J - dependent absorption 
potential (Chatwin et al. 1970) rather than a potential with 00 rr ≤′ , 00 aa ≤′  which is 
supposed to simulate such an effect may lead to an improved description of the data. 
These two kinds of surface transparent potentials are not equivalent (Kondo and 
Tamura 1982). 
Figure 32.5 shows the corresponding results for the 3+ (5,24 MeV), 6+ (8.11 MeV) 
and 4+ (8.44 MeV) states. These cross sections are considerably smaller than those 
for the lower states. We have found that the inclusion of these three states in the 
coupling scheme affected only the cross section for the +22  state. This effect arises 
from the intra-band coupling of the 3+ and 4+ levels with the +22  state and is only 
slightly dependent upon whether the +14 model state is associated with the level at 
8.44 MeV or with that at 6.01 MeV. Figure 32.5 also shows the result, which include 
a hexacontatetrapole deformation (a 60
)(
6 Y
Nβ term) in the deformed optical potential. 
For )(6
Nβ  = 0.0267, a value which gives a potential deformation distance 
)( 3/13/10
)(
66 tp
N AAr +≡ βδ = 0.188 fm, approximately equivalent to that employed by 
Lombard, Escudié and Soyeur (1978) for proton scattering by 24Mg (i.e. 
3/1
0
)(
66 t
N Arβδ = =0.179 fm), it is seen that the peak cross section for the 6+ state is only 
increased by about 25%. The effect of the finite )(6
Nβ deformation on the other states 
was much smaller. 
 
Figure 32.5. Coupled-channels calculations (solid curves) of angular distributions for the reactions 
24Mg(16O,16O')24Mg* (3+ , 5.24 MeV; 6+ , 8.11 MeV; 4+, 8.44 MeV)'at Ec.m. = 43.5 MeV using potential 2 
of Table 32.2, )(2
Nβ = 0.25 and )(4
Nβ = - 0.065. The dashed curve shows the effect of including a 
)(
6
Nβ = 0.0267 term in the optical potential. 
 
We have also studied the effect of either removing the hexadecapole deformation or 
changing its sign. Figure 32.6 exhibits the result for )(4
Nβ  = 0 (solid curve) and )(4
Nβ = 
+0.065 (dashed curve), respectively. For )(4
Nβ  = 0, the fit to the angular distribution 
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for the +14  state is less satisfactory both in magnitude and shape than the fit for 
)(
4
Nβ = -0.065 of Figure 32.4, while for )(4
Nβ = +0.065 an additional oscillation is 
introduced into the calculated cross sections. Thus, the negative value of )(4
Nβ  is 
strongly favoured by the present analysis. 
 
Figure 32.6.   Coupled-channels   calculations   of the   angular distribution   for   the   reaction   
24Mg(16O,16O')24Mg* ( +14 , 4.12 MeV) at Ec.m. =  43.5 MeV using potential 2 of Table 32.2 with 
)(
2
Nβ = 
0.25. The hexadecapole deformation was assumed to be either )(4
Nβ = 0 (solid curve) or 
positive, )(4
Nβ = +0.065, (dashed curve).  
 
Table 32.3  
Potential deformation distances for the asymmetric rotor model for 24Mg 
 
a) Eenmaa et al. (1974); b) Lovas et al. (1977); c) Lombard et al. (1978);     
d) Tamura (1965); e) van der Borg et al. (1979); f) Eck et al. (1981);  
g) Our present work; h) Average values; 
i) δ2 = 1.59 fm employed for coupling of the K = 2 band states; δ4 = -0.48 
employed for coupling of the g.s. with +24 model state; δ6 = 0.179 fm also 
included.  
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Table 32.3 displays the various potential deformation distances δ2 and δ4 obtained by 
analyses of both light- and heavy-ion inelastic scattering data for 24Mg. This 
comparison takes into account (Hendri 1973) the different parameterization of the 
potential radii in terms of 3/1tA and ( 3/13/1 tp AA + ) for light and heavy ion scattering, 
respectively. It is seen that the present results are in good agreement with the light-
ion work. The earlier (16O,16O') analysis (Eck et al. 1981) employed a shallow real 
potential well and the larger deformation distances obtained in this case are a further 
argument against such an interaction. 
Discussion and conclusion 
Angular distributions for the elastic and inelastic scattering of 16O from 24Mg, exciting 
the +12 , 1.37 MeV,
+
14 , 4.12 MeV and 
+
22 , 4.24 MeV   states have been measured at 
Elab= 72.5 MeV (Ec.m. = 43.5 MeV) bombarding energy. The data have been 
described well by the coupled-channels calculations within the framework of the 
Davydov-Filippov (1958) asymmetric rotor model for the low-lying states of 24Mg, 
which has been extended to include a symmetric hexadecapole shape component. 
The analysis included coupling to the higher 3+ (5.24 MeV), 6+ (8.11 MeV) and 4+ 
(8.44 MeV) states. We have found that for these higher states only the intra-band 
couplings between the +22 , 3+ and 4+ (8.44 MeV) states are significant. 
The optical model potential for the 16O + 24Mg interaction was determined to have a 
moderate real well depth confirming the earlier study by Nurzynski et al. (1981). 
Furthermore, the potential appears to be sufficiently transparent for it to be 
consistent with the possibility of a formation of quasi-molecular states for the 16O + 
24Mg system. The overall success of the extended asymmetric rotor model for 24Mg 
indicates the possibility of excited states, additional to those described by a simple 
symmetric rotor model as discussed in our earlier work (Nurzynski et al. 1981), being 
strongly coupled to the elastic channel.  
The shape parameters of the nuclear potential for the 16O + 24Mg system were found 
to be )(2
Nβ  = 0.25, γ = 22° and )(4
Nβ  = -0.065. The corresponding deformation 
distances are in good agreement with earlier light-ion results (see references in 
Table 32.3). The negative )(4
Nβ deformation parameter is well established by the 
analysis of the +14  angular distribution. The scattering analysis shows little sensitivity 
to the parameter γ, although the 24Mg level spectrum constrains the value to be close 
to γ  = 22°. 
The question, which arises as a consequence of the good description of 16O 
scattering, obtained here and of previous works using light ions, is whether this 
agreement means that 24Mg is a rigid rotor. As Yamakazi (1963) has pointed out, it is 
difficult to distinguish whether the nuclear equilibrium shape is axially symmetric 
( 0=γ ) or asymmetric ( 0≠γ ) by consideration of predictions for only the ground-
state K = 0 band and a K = 2 band based upon either γ - vibrations or a fixed γ - 
deformation, respectively. The Hartree-Fock calculations of Grammaticos (1975) 
show that 24Mg may be soft to vibrations in the γ - direction, depending upon the 
effective interaction employed. If the K = 2 band arises from γ - vibrations, the results 
of such a model are similar to those obtained for a rigid triaxial nucleus with an 
effective intermediate value of γ, which should be considered as a "freezing 
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approximation" of the γ -vibrations (Lombard, Escudié and Soyeur 1978). In this 
picture, the description of the 24Mg states in terms of a rigid asymmetric rotor, 
parameterised by β2, γ and β4, is a convenient and relatively realistic way of 
modelling the important couplings involved in the analysis of light- or heavy-ion 
scattering to the low-lying levels of 24Mg. 
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33 
Spin Assignments for the 143Pm and 145Eu Isotopes 
Key features:   
1. Using j – dependence, spin assignments have been made for states belonging to the 
2d5/2 and 2d3/2 configurations in 143Pm and 145Eu nuclei. Other spin assignments have 
been also made using the unique 1g7/2, 3s1/2, and 1h11/2 proton configurations 
accessible via the selected target nuclei.  
2. Spectroscopic factors have been extracted and compared with the factors determined 
using the (3He,d) reaction.   
Abstract: Angular distributions have been measured for transitions to low-lying states in 
143Pm and 145Eu populated by the 142Nd(7Li,6He)143Pm and the 144Sm(7Li,6He)145Eu reactions 
at E(7Li) = 52 MeV. Elastic scattering of 7Li at 52 MeV on 142Nd and 144Sm, and 6Li at 46 MeV 
on 142Nd and at 45 MeV on 144Sm, were measured. Optical-model parameters extracted from 
fits to the scattering data were used in the finite-range distorted waves analysis of the angular 
distributions for levels below 1.40 MeV excitation energy in 143Pm and 1.84 MeV in 145Eu. The 
reaction cross sections forward of 6° (c.m.) allow unambiguous distinction between 2d5/2 and 
2d3/2 states. Final-state spins have been assigned to d - states in 143Pm and in 145Eu. Existing 
assignments to other levels in both residual nuclei have been confirmed. 
Introduction 
As discussed in Chapter 29, lithium-induced, single-nucleon, stripping reactions 
present a useful tool for extracting spectroscopic information complementary to that 
obtained from light-ion work. For most cases the data can be well described by the 
exact finite-range (EFR) distorted-waves Born approximation formalism. The 
(7Li,6He) reaction involves the transfer of a proton from a p - wave orbit in the 
projectile, and not from a predominantly s - state as is the case of light-ion reactions 
such as (d,n), (3He,d) and (α,t). The observed j - dependence for such reactions can 
be used to distinguish between spins belonging to 2d5/2 and 2d3/2 configurations. 
In the work described in this chapter, the 142Nd(7Li,6He)143Pm and 
144Sm(7Li,6He)145Eu reactions have been studied. In addition, the elastic scattering of 
7Li and 6Li on 142Nd and 144Sm has been measured to obtain optical-model 
parameters for the distorted waves calculations. 
The 142Nd nucleus has 82 neutrons and 60 protons. Its 1g/2d/3s/1h neutron shell is 
closed. Its N = 50 proton shell is also closed and the remaining 10 protons are in the 
next, 1g/2d/3s/1h, shell. In the simple shell-model description, 8 of these protons 
would occupy the 1g7/2 orbitals, and 2 would have a 2d5/2 configuration. However, 
considering the residual interaction, there will be a mixture of other configurations. 
Nevertheless, the 1g7/2 will be almost full but other configurations (2d5/2, 2d3/2, 3s1/2, 
and 1h11/2) will be available for the stripped proton. Thus, the strongest transitions 
could be expected to belong to these almost empty configurations in the 143Pm 
nucleus. 
The 144Sm nucleus also has 82 neutrons and thus its 1g/2d/3s/1h neutron shell is 
also closed. However, this isotope has 62 protons. The presence of the extra two 
protons should be expected to reduce the probability for transfers to the 1g7/2 orbitals 
but should not affect significantly the transfers to other configurations.  
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 Experimental method and results 
Beams of 6Li- and 7Li- from a General lonex sputter source were injected into the 
Australian National University 14UD Pelletron accelerator. Beam currents of up to 
300 nA of 6Li3+ and 7Li3+ were obtained on target. Targets of enriched 142Nd (> 96%) 
and 144Sm (> 96%), comprised of metal on thin carbon backings, were used. Target 
thicknesses were ~ 25 µ/cm2, although thicker targets (~ 100-150 µ/cm2) could be 
used for the required resolution of the 6He groups corresponding to observed states 
in the residual nuclei.  
Reaction data and elastic scattering data were measured with an Enge split-pole 
spectrograph using a resistive-wire gas proportional detector (Ophel and Johnston 
1978) located at the focal plane. From the energy loss (∆E) and the position signal 
( ρB∝ ) of the focal plane detector, a mass identification signal ( EBM ∆= 22 )( ρ ) was 
obtained as shown in Figure 33.1. The difference in magnetic rigidity between 6Li3+ 
and 6He2+ is sufficient to allow unambiguous mass identification. In our 
measurements for transfer reactions, 6Li3+ ions did not enter the detector and 
therefore were not interfering with the collection of data. Additionally, the high field 
necessary to place the 6He particles onto the detector removed completely the 7Li3+ 
elastic events from the detector, allowing high beam currents to be used at forward 
angles. The angular acceptance of the spectrograph was 1°. Fixed monitor detectors 
at 15° and 30° were used for normalization between runs and to check on the target 
deterioration. 
 
Figure 33.1. A mass identification signal (mass squared) for the 7Li + 144Sm reaction at 5°. The 6Li 
particles are excluded because their magnetic rigidity is such that they do not enter the detector. 
 
To obtain information on the elastic scattering wave functions, needed in the 
distorted waves analysis, we have also measured the 142Nd(7Li,7Li)142Nd and 
144Sm(7Li,7Li)144Sm at E(7Li) = 52 MeV and 142Nd(6Li,6Li)142Nd at E(6Li) = 46 MeV and 
144Sm(6Li,6Li)144Sm at E(6Li) = 45 MeV. The use of 6Li optical parameters to describe 
6He distorted waves has been shown to work well in the analysis of other (7Li,6He) 
reactions (see Chapter 29). 
Absolute cross sections were obtained by normalizing to the forward-angle elastic 
scattering, where the cross section is purely Rutherford. The error in the absolute 
normalization is estimated to be 5% for the elastic scattering, resulting mainly from 
possible angle setting errors and uncertainties in the dead-time corrections. Based 
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on the reproducibility of the (7Li, 6He) data, the absolute cross sections of the transfer 
reactions are accurate to ± 12%. The relative errors in the cross sections are shown 
by the error bars on the individual data points where these are larger than the plotted 
points. 
 
Figure 33.2. A 6He spectrum for the 142Nd(7Li,6He)143Pm reaction at 32°. States in 143Pm are labelled 
with the appropriate excitation energies. 
 
 
Figure 33.3. A 6He spectrum for 144Sm(7Li,6He)145Eu reaction at 18°. States in 145Eu are labelled with 
the appropriate excitation energies. 
 
Figures 33.2 and 33.3 show spectra of the 142Nd(7Li,6He)143Pm reaction at θlab = 32°, 
and the 144Sm(7Li,6He)145Eu reaction at θlab = 18°. The resolution is 70 keV FWHM 
and little background is evident at these angles. Unfortunately, the Q - value for the 
12C(7Li,6He)13N reaction is such that the ground-state group obscures the states at 
1.76 and 1.84 MeV in 145Eu at angles forward of 10° (lab). The 13C(7Li,6He)14N 
reaction was a less serious contaminant. A group, corresponding to the excitation of 
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the 3.95 MeV level in 14N, prevented the extraction of the cross section for the 1.17 
MeV state of 143Pm at 3° lab. 
Theoretical analysis 
The elastic scattering data were analysed using the standard optical-model potential 
as described in Chapter 29. The computer code JIB (Perey 1967)4 was used to fit 
the data, starting with the parameters used to fit the 140Ce(7Li,7Li) and 141Pr(6Li,6Li) 
elastic scattering data at 52 and 47 MeV, respectively. The parameters were varied 
two at a time until a minimum χ2 was obtained. The experimental angular 
distributions and the optical-model fits are shown in Figures 33.4 and 33.5. The 
extracted parameters are listed in Table 33.1. 
 
  
Figure 33.4. Angular distribution for the 142Nd(7Li,7Li)142Nd at 52 MeV and 142Nd(6Li,6Li)142Nd at 46 
MeV elastic scattering. The solid lines are the optical-model fits to the data. 
 
Table 33.1 
Optical-model parameters 
 
The radii are defined using 3/1tA i.e. 
3/1
00 tArR = , 
3/1
00 tArR ′=′ and 
3/1
tcc ArR = . 
 
                                               
4 The same program, which I have modified and adapted to run at ANU, and which I have used to 
support my study of nuclear reactions induced by light projectiles.  
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Exact finite-range (EFR) distorted waves calculations using the optical-model 
parameters listed in Table 33. 1 were performed with the computer code LOLA 
(DeVries 1973) for transitions to the strongly populated states observed in the 
142Nd(7Li,6He)143Pm and 144Sm(7Li,6He)145Eu reactions. Fifty-six partial waves were 
used in the calculations and the radial integrations were carried out to a radius of 30 
fm in steps of 0.13 fm. The single-particle bound-state wave functions for 7Li, 143Pm 
and 145Eu were generated by the code assuming a volume Woods-Saxon form for 
the interaction potential with 0r = 1.25 fm and 0a = 0.65 fm, and the spin-orbit factor λ 
= 25. No spin-orbit potential was used in the distorted waves. The depths of the 
potentials were adjusted so that the binding energy for the transferred proton in 7Li, 
143Pm and 145Eu were equivalent to the correct separation energies. The 
experimental angular distributions and the EFR-distorted waves fits to the data are 
shown in Figures 33.6 and 33.7. 
  
Figure 33.5. Angular distribution for the 144Sm(7Li,7Li)144Sm at 52 MeV and 144Sm(6Li,6Li)144Sm at 45 
MeV elastic scattering. The solid lines are the optical-model fit to the data. 
 
It has been shown in Chapter 29 that the angular distributions for (7Li,6He) leading to 
2d5/2 and 2d3/2 final states can be distinguished at forward angles using j - 
dependence. This distinction can be made even though l = 1, 2 and 3 are allowed for 
both final states assuming a p3/2 transferred proton, because the Racah coefficient 
multiplying the distorted waves cross section weights the transfers differently for the 
two states. Thus, the l = 1 component is 8 times stronger for a 2d5/2 state than for a 
2d3/2 state so that the forward-angle cross section for a 2d5/2 state is larger than for a 
2d3/2 state. Calculations for pure 2d5/2 and 2d3/2 are shown in Figure 33.6 for states at 
0.0 MeV and 1.40 MeV in 143Pm, and in Figure 33.7 for states at 0.0 MeV, 1.042 
MeV, 1.76 MeV, and 1.84 MeV in 145Eu. Clearly the data forward of 6° c.m. allow 
unambiguous distinction to be made between 2d5/2 and 2d3/2 final states.  
The absolute spectroscopic factor, extracted as described in Chapter 29, are listed in 
Table 33.2 and 33.3, which also show spectroscopic factors obtained using (3He,d) 
reactions (Wildenthal, Newman, and Auble 1971; Ishimatsu et al. 1970; Newman et 
al. 1970). The errors in the absolute values of the spectroscopic factors include the 
uncertainty in the absolute normalization of the experimental data and statistical 
errors. Uncertainties resulting from the choice of optical-model parameters and from 
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the use of standard values for the bound-state potential parameters are not included. 
Relative spectroscopic factors, normalized to the ground state, are also listed in 
Tables 33.2 and 33.3. 
Angular distributions for transitions to 3s1/2 levels via the l = 1 transfer at 1.17 MeV in 
143Pm and 0.809 MeV in 145Eu are well reproduced by the calculations but are 
slightly out of phase by 1° to 2°, a problem which has been observed in the analysis 
described in Chapter 29 and by Morre, Kemper, and Chalton (1975). 
 
Figure 33.6. Angular distributions populated in the 142Nd(7Li,6He)143Pm reaction. The solid and dashed 
lines are the EFR-distorted waves calculations normalized to the data. 
 
Table 33.2 
Spectroscopic factors for states in 143Pm 
 
a) Wildenthal et al. (1971); b) Ishimatsu et al. (1970); c) Our work. 
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Figure 33.7. Angular distributions populated in the 144Sm(7Li,6He)145Eu reaction. The solid and dashed 
lines are the EFR-distorted waves calculations normalized to the data. 
 
Table 33.3 
Spectroscopic factors for states in 145Eu 
 
a) Wildenthal et al. (1971); b) Newman et al. (1970); c) Our work. 
 
Distorted waves calculations for transitions to 1g7/2, levels at 0.27 MeV in 143Pm and 
0.329 MeV in 145Eu fit the experimental angular distributions extremely well except at 
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very forward angles where the calculated cross sections are smaller than the experi-
mental cross sections. However, this discrepancy could be due to the large statistical 
errors present in the forward-angle data for g7/2 states, since, as expected (see the 
Introduction) these states are not strongly populated. 
Angular distributions are also shown for transitions to 1h11/2 levels at 0.96 MeV in 
143Pm and at 0.716 MeV in 145Eu. The distorted waves calculation agrees well with 
the experimental points for the level at 0.716 MeV in 145Eu, but is out of phase by 3°-
4° for the level at 0.96 MeV in 143Pm. 
Summary and conclusions 
We have measured angular distributions for the differential cross sections of the 
proton transfer reactions 142Nd(7Li,6He)143Pm and 144Sm(7Li,6He)145Eu at 52 MeV 
incident 7Li energy. We have also measured the elastic scattering 142Nd(7Li,7Li)142Nd 
and 144Sm(7Li,7Li)144Sm at E(7Li) = 52 MeV and 142Nd(6Li,6Li)142Nd at E(6Li) = 46 MeV 
and 144Sm(6Li,6Li)144Sm at E(6Li) = 45 MeV. 
We have carried out theoretical analysis of the elastic scattering using the 
conventional central, spherical optical model with volume absorption. We then used 
the determined interaction parameters in the theoretical analysis of proton transfer 
reactions using the exact finite-range distorted waves formalism.   
The elastic scattering data were well described by the optical model. The distorted 
waves calculations generally described the corresponding transfer angular 
distributions well, although a slight phasing problem was encountered with s1/2 states 
and more significantly with the 1h11/2 state at 0.96 MeV in 143Pm. 
The absolute spectroscopic factors obtained here are slightly lower than those 
obtained from the light-ion (3He,d) reactions, but the relative spectroscopic factors 
are in good agreement. 
Heavy-ion forward-angle j - dependence has been used to assign the following spins 
to d - states in 143Pm: 0.0 MeV (5/2+), 1.40 MeV (3/2+); and in 145Eu: 0.0 MeV (5/2+), 
1.042 MeV (3/2+). Spins could not be assigned to the d - states at 1.76 MeV and 1.84 
MeV in 145Eu due to the lack of forward-angle data. Previous spin assignments for 
these levels are given in the compilation by Lederer and Shirley (1978) as 0.0 (5/2+) 
and 1.40 (3/2+) in 143Pm; and 0.0 (5/2+), 1.042 (3/2+), 1.76 (3/2+) and 1.84 (3/2+) in 
145Eu. The (7Li,6He) single-proton stripping reactions have been confirmed as a 
useful spectroscopic tool. 
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34 
Search for Structures in the 16O + 24Mg Interaction  
Key features:  
1. Our measurements of excitation functions at forward angles for the 24Mg(16O,12C)28Si 
α - transfer reaction has led to a discovery of three broad resonances. We have 
argued that these resonant structures, together with similar features at lower incident 
energies, are associated with nuclear molecular excitations.  
2. In order to study further nuclear molecular excitations, we have now carried out 
measurements of excitation functions for the 16O + 24Mg elastic and inelastic 
scattering over a wide range of the incident 16O energies at a forward angle.  
3. We have found no correlation between excitation functions for the 24Mg(16O,12C)28Si 
reaction and 16O + 24Mg scattering. Thus, the forward angle excitation functions for 
the 16O + 24Mg system display no evidence of nuclear molecular excitations.  
4. We have found that the excitation functions for the elastic and inelastic 16O + 24Mg 
scattering can be well described using coupled channels formalism. 
5. Curious irregularities, which cannot be reproduced by coupled channels calculations, 
have been observed in the excitation functions corresponding to the 8.11 MeV excited 
state in 24Mg and at 8.4 MeV excitation energy, which represents a group of 
excitations belonging to both 16O and 24Mg. We argue that these irregularities cannot 
be associated with nuclear molecular excitations.  
6. Our work shows that the resonances observed for the 24Mg(16O,12C)28Si reaction are 
most probably associated with processes in the exit channel.    
Abstract. Excitation functions for the scattering of 16O from 24Mg with excitation energies (Ex) 
up to 8.4 MeV have been measured for θlab = 19.5° and 33.6 MeV < Ec.m. < 49.2 MeV. Strong 
energy dependence is observed for states above the 8 MeV excitation energy. Coupled-
channels calculations, which predict smooth energy variations, give good agreement with the 
data for Ex < 8 MeV. 
Introduction 
The 24Mg(16O,12C)28Si reaction, discussed in Chapter 30, has led to uncovering 
interesting and challenging features, described by a number of authors (Nurzynski et 
al. 1981; Paul et al. 1978; Sanders et al. 1985). In particular, gross structures (with 
widths Γc.m.~1-3 MeV) have been observed in excitation functions at forward angles 
in the case of the transition to the 28Si ground state for the energy range 23 MeV ≤  
Ec.m. ≤ 53 MeV. These structures have been assigned parities, and in some cases 
spins, by analysis of both angular distributions (Nurzynski et al. 1981; Paul et al. 
1978) and excitation functions at θc.m. = 0°, 90° and 180° (Paul et al. 1980; Sanders 
et al. 1980a, 1985). Furthermore, it has been found that the forward-angle structures 
are correlated for a number of 28Si states up to 10 MeV excitation (Sanders et al. 
1980b).  
In view of these previous investigations, it seemed natural to look for correlations 
between the resonant structures at forward angles for the 24Mg(16O,12C)28Si reaction 
and the 16O + 24Mg interaction. Unfortunately, most of available data at that time 
were for backward angles (Clover et al. 1979; Lee at al. 1979; Paul et al. 1980), 
which were difficult to interpret.  Structures at these angles are highly fractionated 
and show little apparent correlation with the forward-angle α - transfer structures 
(Sanders et al. 1985). 
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An alternative way is to look for correlations in elastic and inelastic scattering data at 
forward angles. One set of measurements (Mitting et al. 1974) has been reported for 
16O + 24Mg elastic and inelastic scattering at θlab = 35° and 50° for 15 MeV ≤  Ec.m. ≤  
39 MeV which may contain some resonant structure. Fulton et al. (1983) have 
measured excitation function for the 24Mg(160,16O')24Mg* (2+ 1.37 MeV) scattering at  
20° < θlab < 40° and 25 MeV < Ec.m. < 39 MeV, which showed no resonant structure. 
However, it should be noted that their work covered only a part of the energy range 
for which structure has been observed for the α - transfer reaction. Furthermore, the 
simple band-crossing model predicts (Nurzynski et al. 1981) that the 2+ 1.37 MeV 
channel monitored by Fulton et al. should be active at Ec.m. ~18MeV (i.e. ~7 MeV 
below the region investigated by Fulton et al.) and hence their measurement may be 
insensitive to the type of effect proposed by Nurzynski et al. (1981).  
In the study described in this chapter, we have carried out measurements of 
excitation functions at θlab = 19.5° for the 16O + 24Mg elastic and inelastic scattering, 
which complement the work of Fulton et al. (1983) by extending the data up to Ec.m.  ~ 
50 MeV for excitation energies up to 8.4 MeV. We have also carried out coupled 
channels analysis of the data.  
Experimental methods and results 
In the measurements described here, the experimental arrangement was similar to 
that described by Nurzynski et al. (1981, 1982 see also Chapters 30 and 32). A 
beam of 16O ions was provided by the Australian National University 14D Pelletron 
accelerator. Particles scattered from a thin (~5 µg/cm2) 24Mg (enriched to 99.92%) 
target were detected using a multi-element detector in the focal plane of a split-pole 
Enge spectrometer. The forward angle of 19.5° (lab) was chosen to be as close as 
possible to 5° (lab), the angle selected for the earlier (16O,12C) measurements 
(Nurzynski et al. 1981), whilst at the same time minimising the interference caused 
by scattering from carbon and oxygen contaminants in the target. The horizontal 
acceptance angle of the spectrometer was 1°, which ensured good resolution of 
contaminant peaks.  
 
 
Figure 34.1. The energy spectrum of 16O particles at θlab = 19.5° and Ec.m = 41.4 MeV. Shaded peaks 
correspond to the 16O + 24Mg scattering and indicate groups of particles (labelled according to their 
excitation energies) for which excitation functions were measured. Scattering from carbon and oxygen 
contaminants in the target is also indicated in the spectrum. 
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The energy resolution of peaks corresponding to scattering from 24Mg was ≤140 keV. 
A typical 16O spectrum is shown in Figure 34.1. Oxygen contamination in the target 
was small. However, some interference form 16O + 16O (Ex = 6.05/6.13 MeV) 
scattering was present in the 8.4 MeV group at Ec.m.<37.2 MeV.  
The incident beam intensity was measured using a beam current integrator. A solid-
state detector at 15° was also used as a target monitor. The data were recorded 
event by event on to magnetic tapes and care was taken to obtain acceptable 
statistics for weakly excited states. The peak intensities for close-lying groups were 
extracted by fitting Gaussian distributions. 
 
Table 34.1 
The observed particle groups identified by their |Q| - values for the 16O + 24Mg scattering and their 
contributing components.  
 
 
Figure 34.2 shows the measured excitation functions for the scattering of 16O from 
24Mg. The displayed excitation energies (Ex) are for the groups of particles identified 
by their |Q| - values in Table 34.1. The error bars include both statistical and 
background subtraction errors. The known excited states contributing to these 
groups of 16O particles are listed in Table 34.1.  
In general, the data display smooth energy dependences in agreement with earlier 
lower energy measurements at forward angles for the 1.37 MeV state (Fulton et al. 
1983). However, the excitation functions corresponding to Ex = 8.11 and 8.4 MeV 
display strong energy-dependent structures. A data point at 42.6 MeV (c.m.) for Ex = 
8.11 MeV cannot be shown. At this energy, no peak corresponding to Ex = 8.11 MeV 
in the spectrum could be distinguished from the background. The observed 
intensities for this group were also small at energies < 31 MeV. The vertical lines in 
Figure 34.2 indicate the energies at which peaks occur in the forward-angle 
24Mg(16O,12C)28Si(g.s.) yield (Nurzynski et al. 1981, Sanders et al. 1985). As can be 
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seen there is no obvious correlation between the present measurements for the 16O 
+ 24Mg scattering and the results for the 24Mg(16O,12C)28S reaction. 
An attempt was made to measure excitation functions for 16O + 24Mg scattering at 
other forward angles. However, the yield for the Ex = 8.11 MeV group was small at 
these anglers and the contaminant interference was prohibitively high. 
 
 
Figure 34.2. Measured excitation functions for the scattering of 16O from 24Mg with 0 ≤ Ex ≤ 8.4 MeV 
(see Table 34.1) at θlab = 19.5°. The vertical lines indicate the energies at which peaks occur in the 
forward-angle excitation function for the 24Mg(16O,I2C)28Si (g.s.) reaction (Nurzynski et al. 1981, 
Sanders et al. 1985). 
 
Theoretical analysis 
Coupled-channels calculations for the elastic and inelastic scattering of I6O from 
24Mg were performed using the computer code ECIS (Raynal 1972, 1981)5. The 0+ 
(g.s.), 2+ (1.37 MeV), 4+ (4.12 MeV), 2+ (4.24 MeV), 3+ (5.24 MeV), 6+ (8.11 MeV) 
and 4+ (8.44 MeV) states in 24Mg were included in the calculations. The deformed 
optical potential employed for each channel was taken to be potential 2 of Nurzynski 
at al. (1983, see also Chapter 32), which was determined by fitting angular 
                                               
5 See Chapter 16. 
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distributions at Ec.m. = 43.5 MeV for the lowest four levels of 24Mg. The shape 
parameters for the nuclear potential were taken to be the same as determined by 
Nurzynski et al. (1983) i.e. 2β  = 0.25, γ = 22° and 4β  = -0.065 (see Chapter 32). The 
wave functions for the 24Mg states were obtained using the rigid asymmetric rotor 
model of Davydov and Filippov (1958) as extended by Baker (1979) and Barker et al. 
(1979) to include a symmetric hexadecapole deformation, with shape parameters 
consistent with those employed in the deformed optical potential. All the calculations 
employed the Coulomb correction technique developed by Raynal (1980, 1981) with 
matching at a radius of 15.2 fm. 
 
Figure 34.3. Excitation functions for the reaction 24Mg(16O,16O') 24Mg* (Ex = 0, 1.37, 4.2 and 8.11 MeV) 
at θlab = 19.5°. Coupled-channels calculations (full lines) are compared with the data. For the 
unresolved 4.2 MeV doublet, the full curve is the sum of the calculated contributions from the 4.12 
MeV (dotted curve) and the 4.24 MeV (broken curve) states. 
 
Figure 34.3 shows the coupled-channels predictions (full curves) for several 
excitation functions compared with the data at θlab = 19.5° and for 36 MeV ≤  Ec.m.  ≤  
48 MeV. In the case of the unresolved 4.2 MeV doublet, the full curve is the sum of 
the calculated contributions from the 4.12 MeV (dotted curve) and the 4.24 MeV 
(broken curve) states of 24Mg. It should be noted that these calculations employed 
the same potential parameters as given by Nurzynski et al. (1983) with no 
modification for changes in the bombarding energy.  
As can be seen, coupled channels calculations produce smooth functions with no 
indication of any resonant structure. The broad maxima and minima arise purely 
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from angular effects associated with the oscillatory nature of the angular 
distributions. In these calculations, nuclear potential effects are dominant. This can 
be inferred from the angular distribution data (Nurzynski et al. 1983) at Ec.m.  = 43.5 
MeV, which show that at θlab = 19.5° (θc.m. = 32.36°) the Rutherford ratio has fallen to 
approximately 0.1.  
Figure 34.3 shows that coupled-channels calculations give a good description of 
both the magnitudes and the general features of the data for the lowest three 
excitation energies. For the 8.11 MeV state, the calculations predict only the general 
magnitude of the cross section. However, the observed structure of the data is not 
reproduced and, within the present model, the structure does not arise from an 
angular effect. 
The calculated excitation functions for the 5.24 MeV and 8.44 MeV states of 24Mg 
(not shown in Figure 34.3) were also found to have smooth behaviours. In the case 
of the 5.24 MeV state, the calculated cross section was found to be <0.06 mb/sr, 
which is consistent with the fact that this state was generally not observed. For the 
8.44 MeV state, the predicted excitation function lies below the data. This is not 
surprising, since the data for the 8.4 MeV excitation function are believed to include 
contributions from five unresolved states (see Table 34.1). 
Discussion and summary 
The anomalous structure observed for the 6+ 8.11 MeV (and possibly for the 8.4 
MeV) excitation function is not readily explained. If the structure is interpreted as 
arising from shape resonances in the ion-ion potentials, it is necessary for the 
potential associated with the 6+ 8.11 MeV channel to be significantly more surface 
transparent than that employed in the present coupled-channels calculations in order 
to enhance the grazing partial waves in this channel. Such a large difference 
between the absorptive strength for the 6+ channel and for channels with lower 
excitation energies seems unlikely and artificial. Moreover, in this picture one should 
expect to observe strong correlations with the resonant structures found in the α - 
transfer reaction at forward angles (Nurzynski et al. 1981; Paul et al. 1978; Sanders 
et al. 1985). However, as shown in Figure 34.2, no such correlations are present in 
the 16O + 24Mg excitation functions. 
An alternative interpretation (Nurzynski et al. 1981) ascribes the forward-angle α - 
transfer structures to a fragmentation of the potential shape resonances, arising from 
coupling between the elastic and inelastic channels of both the initial and final 
systems. Since there is no evidence of a β6 deformation parameter which could alter 
the 6+ inelastic scattering cross section (Nurzynski et al. 1983, see also Chapter 32), 
this interpretation requires the additional coupling of intermediate 2+ or 4+ states, via 
β2 and β4 terms. However, as the data indicate no significant correlated structures in 
the excitation functions for these intermediate states, this explanation (which again 
requires a more surface-transparent potential for the 6+ inelastic channel) appears 
unlikely. 
Concerning the gross resonant structures observed in the 24Mg(16O,12C)28Si reaction 
at forward angles, it is interesting to note that the fusion cross sections for the 12C + 
28Si system exhibit some resonance-like structures (Racca et al. 1983) while those 
for the 16O + 24Mg system show only weak and uncorrelated structures (Racca et al. 
1982).  
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These facts combined with the present work, which shows smooth excitation 
functions described well by the coupled-channels calculations, suggest that the 
structures seen in the α - transfer reaction may be associated with resonating 
processes in the exit 12C + 28Si channel rather than with those in the entrance 
channel. 
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35 
Parity-dependent Interaction  
Key features:  
1. We have measured excitation functions for the 16O + 20Ne (g.s.) and 16O + 20Ne* 
(1.634 MeV) in the energy range of 21.5 MeV < Ec.m. < 31.2 MeV. 
2. We have analysed our 16O + 20Ne (g.s.) experimental results and the results of 
Schimizu et al. (1982) using an extended optical model potential containing a parity-
dependent interaction. 
3. We have found that the interaction parameters determined in previous studies 
(Kondo, Robson, and Smith 1985) resulted in an inadequate description of 
experimental data.  
4. We have found new interaction parameters (potential 3, Table 35.1) which gives 
excellent description of our 16O + 20Ne data. The potential contains a negative parity-
dependent component, which means that it is deeper for the even partial waves. The 
potential assigns even spin shape resonances J = 16+, 18+, and 20+ at Ec.m. = 22.5, 
25.4, and 28.5 MeV, respectively.  
5. We have also carried out parity independent calculations but included explicitly 
contributions from α – transfer. These calculations reproduce the shape of the 
excitation functions reasonably well and thus support the claim (see Chapter 24 and 
references in the text) that the parity-dependent interaction simulates coupling to non-
elastic channels.  
Abstract: The excitation functions for the 16O + 20Ne elastic scattering at θc.m. = 90° and for 
the 16O + 20Ne* (Ex = 1.634 MeV) inelastic scattering corresponding to θc.m. = 90.95° - 91.45° 
have been measured over the energy range 21.5 MeV < Ec.m. < 31.2 MeV. The 16O + 20Ne 
elastic scattering was analysed within the framework of an extended optical model, in order to 
place constraints on spin assignments to resonant states. Excellent description is obtained 
with a potential, which is deeper for the even partial waves.  
Introduction 
Resonant phenomena in heavy-ion interactions have been observed for systems 
involving sd - shell nuclei for elastic, inelastic and a variety of transfer channels (see 
Chapter 30). One interesting case is the 16O + 20Ne system, for which prominent 
structures have been observed in the excitation functions at forward and backward 
angles for the elastic scattering, inelastic scattering to the 20Ne( +12 ) and 20Ne(
+
14 ) 
states, and for the 20Ne(16O,12C)24Mg reaction (Schimizu et al. 1982). 
These data have been described using optical model and coupled channel 
techniques, the essential feature of which is that the ion-ion potentials employed 
include both the J - dependent absorptive term and a real parity-dependent 
interaction. It has been argued that the J - dependent absorption arises from the 
requirement that angular momentum and energy must be simultaneously conserved 
in the open reaction channels (Chatwin et al. 1970), whilst the parity dependence is 
to be expected as a consequence of the Pauli principle (Baye, Deenen, and 
Salomon 1977). 
The parity dependent term has the effect of staggering the shape resonances, which 
arise for surface partial waves, to form "doublets" of resonances. The J - dependent 
absorptive term is suitably transparent to surface partial waves so that the "doublets" 
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appear as unresolved gross structures in the predicted 16O + 20Ne elastic scattering 
excitation function at backward angles, in accord with experiment. 
It should be noted, however, that in determining the values of parameters used in the 
potentials for such analyses, it is necessary to make Jπ assignments to peaks 
observed in 16O + 20Ne scattering and 20Ne(16O,12C)24Mg reaction excitation-function 
data (Schimizu et al. 1982). The assignments made in optical model analyses were 
based upon assignments of 18+, 19- and 24+ to observed peaks at Ec.m. = 24.5, 25.4 
and 35.5 MeV respectively, these assignments being consistent with values 
extracted by Schimizu et al. (1982), using )(cos2 θJP comparisons with measured 
angular distributions. Furthermore, to avoid the possibility of having too many 
resonances within the energy range of interest, it was assumed that each resonance 
of a given spin and parity was that with the lowest energy. 
An ambiguity arises, however, when it is acknowledged that a )(cos2 θJP fitting 
technique allows an assignment of spin values to 1±  at very best. For this reason, 
optical potentials were also determined using alternative assignments of spins to 
observed peaks allowed within such a 1± uncertainty. The main consequence of 
such a one-unit change in spin assignment is a reversal of the sign of the parity 
dependent interaction in the ion-ion potential. Investigations of the available 16O + 
20Ne elastic scattering and 20Ne(160,12C)24Mg (g.s.) data were unable to resolve 
conclusively this ambiguity in sign. 
Studies by Kondo et al. (1985) re-examined the 20Ne(160,16O)20Ne excitation function 
data within the framework of a model, which attributed the parity dependent term in 
the optical model calculations to a requirement to simulate the effects of α - transfer 
amplitudes. The results of that work supported strongly a choice of sign for the parity 
dependent term, which would be consistent with spin assignments of 17-, 18+ and 23- 
to the observed peaks at Ec.m. = 24.5, 25.4 and 35.5 MeV respectively, rather than 
the 18+, 19- and 24+ assignments made previously. 
In order to resolve the above ambiguity, we have undertaken measurements and 
analysis of the θc.m. = 90° excitation function for 16O + 20Ne elastic scattering over the 
energy range 21.5 MeV < Ec.m. < 31.2 MeV. Such measurements and analyses place 
additional constraints on the resonance spins and hence constraints on the parity 
dependent part of the 16O + 20Ne potential. Data have been taken also for the 
excitation of the 1.634 MeV (2+) state of 20Ne. 
Experimental procedure and results 
A beam of 16O ions from the Australian National University 14UD Pelletron 
accelerator was used to bombard natural neon target retained by thin windows in a 
small gas cell shown in Figure 35.1.  
The design requirements for the gas cell and detector system were an angular 
aperture in the horizontal plane of <1° (lab) and an angular positioning accuracy of 
0.1° or better at the required laboratory angle of 51.34°. The reaction energy at the 
centre of the gas target should be calculable to better than 0.1 MeV (lab) and with a 
range of reaction energies limited to a spread of the order of 0.2 MeV (lab). The 
detector should be able to resolve elastic scattering by 20Ne from inelastic scattering 
leaving 20Ne in its first excited state at 1.634 MeV and from elastic scattering by the 
22Ne component (9.2%) of natural neon. These design requirements were achieved. 
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Figure 35.1. A horizontal section through the gas target at the beam height, showing the windows, the 
slits mounted on a cylindrical plug, anti-scatter apertures, windows and the defined reaction volume. 
 
The incoming 16O beam was collimated to 3 mm vertically by 1 mm horizontally by 
two collimators, one 700 mm and the other 106 mm upstream from the centre of the 
main target chamber. Optical alignment to a precision of <0.1 mm ensured the co-
linearity of the two collimators and the centre of the main target chamber horizontally 
in the incoming beam direction. The alignment precision in the vertical direction was 
better than 0.2 mm. 
The gas cell was then aligned, using the following procedure: The gas cell body was 
mounted centrally in the main target chamber at the correct height. Its beam inlet 
and outlet ports were mechanically aligned, by rotation, to the direction of the nearer 
collimator and the cell body was clamped. A cylindrical plug carrying the target 
length-defining slits and the anti-scatter slits was inserted along the vertical axis of 
the gas cell and was mechanically aligned, using the slits themselves, by rotation to 
the beam axis now defined by the beam inlet port. These slits, mounted on plane 
faces milled parallel to the cylindrical plug axis, had been previously aligned during 
assembly. All mechanical alignments were performed with accuracy better than 0.1 
mm. The beam collimators ensured that sideways excursions of the beam were 
limited to less than ± 0.2 mm with an expected half-intensity at ±0.1 mm. Vertical 
beam excursions were limited to ±1 mm by an aperture mounted on the plug carrying 
the beam entrance window.  
The gas target assembly was completed by the insertion into the target cell body of 
plugs carrying the thin windows. These were then covered by anti-scatter apertures. 
The 16O beam enters the gas target through a nickel window and leaves through 
another nickel window. The ejectiles leave through Mylar windows (210 (µg/cm2). 
The energy losses of these windows were determined in a separate experiment, 
measuring to an accuracy of 5 keV the loss after transmission of 48.83 MeV 16O ions 
through the windows. 
Two detectors were provided, for increased count rates and for redundancy 
checking. They each consisted of a tantalum entrance aperture, 5x2 mm, a 210 
µg/cm2 Mylar entrance window, 28mm length of isobutane gas at 50 Torr (constant 
flow) in a gridded ionisation chamber and a silicon surface barrier detector for 
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residual energy measurement. The performance of these detectors was such that 
ejectiles of different Z could be readily distinguished and the required overall energy 
resolution was attained. They were mounted at ±51.35 ± 0.05° (lab) with the 
entrance apertures of 133.1 mm from the centre of the gas target, subtending a solid 
angle of 0.565 msr each. 
Slits inside the gas target were mounted 5 mm from the target centre with an 
aperture of 2 mm. Combined with the detector aperture, these defined a length along 
the beam axis of 2.56 mm for which the full detector aperture was visible and a 
further ~0.1 mm at each end with a reduced detector aperture. The available angular 
range distribution (taking the solid angle into account) was approximately triangular 
with 75% of the distribution within ±0.43° (lab) and the remainder within ±0.86°. The 
count rates in the individual detectors were influenced by sideways misalignment of 
the beam, by differences in the target defining geometries, in the detector solid 
angles and in the detector angular settings.  
An early run disclosed unequal count rates in the two detectors for Rutherford 
scattering from xenon. An optical-mechanical check showed a zero error of 0.25° in 
the angular scale used inside the main target chamber, compared with the 
established beam axis. Compensation for this zero error then gave detector count 
rate comparisons agreeing to better than 1 %. 
The evacuated gas target and ballast volume (6.5 litre) were first filled in a 
reproducible way to ~2 Torr by expansion of a limited volume of xenon gas at bottle 
pressure. The amount of xenon transferred decreased by 0.5% for each fill but the 
absolute pressure of xenon was only known to ±10%. The target and ballast volume 
were then filled to ~100 Torr total pressure with natural neon. This pressure was 
known to 3%. Because of a slow leak, the total pressure was recorded before and 
after each run to provide an average pressure from which the reaction energy was 
calculated. Intermittently it was necessary to top up with neon gas and at such times 
the partial pressure ratio of xenon and neon was recalculated. 
It was important that the reaction energy be reliably calculated. A computer program, 
which reproduced the known beam energy loss through the nickel entry window, was 
used to calculate energy loss and straggling to the reaction volume and followed the 
ejectile through to the residual energy detector. The nickel window gave energy 
losses from 1.55 to 2.24 MeV over the range of beam energies used. Calculations 
for the individual gas fills gave a further loss of 0.5 to 0.6 MeV to the target centre 
over the same beam energy range. Calibrations of the residual energy detectors 
based on observed pulse height responses and calculated energies were linear from 
5.4 to 45.5 MeV, passing through zero as expected. An unsatisfactory calibration 
would lead to non-linearity and a non-zero extrapolation. Therefore, we are confident 
that the first ~0.5 MeV of energy loss to the reaction volume has been calculated 
satisfactorily. The same computer program was also useful in identification of the 
elastic or inelastic scattering in the cases where only one of these spectrum peaks 
was clearly visible. The predicted position was always found to be within the FWHM 
range when identification was no problem. Figure 35.2 shows a spectrum from one 
of the detectors taken at the lowest beam energy measured, where the resolution 
between the particle groups was poorest but the intensity of both groups was high. 
This spectrum has had the identification requirement for 16O particles imposed upon 
it. 
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Figure 35.2. A spectrum of 16O ions scattered from the reaction volume and entering the residual 
energy detector. Other ion species have been rejected by the ∆E – Eresidual requirement. The 
inelastically scattered group leaving 20Ne in its first excited state enters the residual energy detector 
with only 5.4 MeV for 16O beam energy of 40.0 MeV. 
 
 
Figure 35.3. The absolute cross sections extracted for the elastic and inelastic scattering of 16O from 
20Ne. The rectangle widths show the range of energy averaging while the rectangle heights are ±1 
standard deviation total error estimates. Relative errors, excluding the contribution from the absolute 
xenon pressure, are somewhat smaller. 
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From spectra such as these, the yields of scattered 16O from 20Ne and xenon were 
extracted. Data were only accepted if there were no significant differences between 
the estimated backgrounds or between any of the intensities of the three peaks 
mentioned above when spectra from the two independent detectors were compared. 
The absolute cross sections for elastic and inelastic scattering from 20Ne are 
dependent only on the intensities of the 20Ne peaks extracted, the intensity of 
Rutherford scattering from the xenon isotopes and the ratio of partial pressures for 
xenon and for 20Ne. The calculated mean reaction energy enters through the 
calculation of the Rutherford scattering cross section for the xenon. The only 
significant contributions to uncertainties in these absolute cross sections come from 
the 20Ne peak statistics and from the uncertainty (±10%) in the absolute pressure of 
xenon. All other contributions are small compared with these. 
Figure 35.3 shows these cross sections as a function of reaction energy as 
rectangles. The height of a rectangle shows ±1 standard deviation for the absolute 
cross section determinations while the width of a rectangle shows the calculated 
range of reaction energies over which the data are averaged. 
Theoretical analysis 
The measured θc.m. = 90° (Figure 35.3) and θc.m. = 154°± 2° (Schimizu et al. 1982) 
excitation functions for elastic scattering of 16O ions from 20Ne have been analysed in 
terms of an extended optical model. The 16O + 20Ne potential was assumed to have 
the following form: 
[ ] )()(),()()( .. rfJiWLEVrVrU mcc ++=  
where )(rVc is the Coulomb potential for a uniform charge distribution of radius R and 
f(r) is the usual Woods-Saxon form factor with diffuseness 0a and radius 
])20()16[( 3/13/10 += rR  
In the above, L is the relative orbital angular momentum and J is the total angular 
momentum. For the elastic scattering of spinless projectiles J = L.  
The depth of the real nuclear potential is given by 
πVEVVLEV
L
mcEmc )1(),( ..0.. −++=  
 
and consists of three terms: a constant 0V ; an energy dependent term; and an 
explicit parity dependence.  
The depth of the imaginary nuclear potential is given by 
( )[ ]{ } 10 /exp1)( −∆−+= cJJWJW  
where cJ is a cut-off angular momentum and ∆ is a diffuseness parameter. For each 
energy, cJ  is parameterised by the expression (Chatwin et al. 1970): 
2/1
..
2 )])(/2[( QERJ mcc −= µ  
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
383 
 
where R and Q represent average values of the radius and the threshold energy for 
the predominant non-elastic reactions, respectively, and µ, is the reduced mass of 
the system. 
Parameter sets used in our theoretical analysis are listed in Table 35.1.  
 
Table 35.1  
Optical model parameters 
 
For all potentials r0 = 1.25 fm, a0 = 0.60 fm and ∆ = 0.80. 
 
Initial optical model analysis 
As a starting point, we have used two potential sets suggested by previous optical 
model studies (Kondo, Robson, and Smith 1983) of 16O + 20Ne elastic scattering. 
They are listed as potentials 1 and 2 in Table 35.1. Potential 1 predicts 18+, 19- and 
24+ resonances at Ec.m. = 24.5, 25.4 and 35.5 MeV, respectively, while potential 2 
predicts 17-, 18+ and 23- resonances at these three energies. As can be seen, 
potential 1 has a positive value of Vπ, whereas potential 2 has a negative value of Vπ. 
Based upon potentials 1 and 2, two types of calculation were performed and 
compared with data. Firstly, optical model calculations were carried out using the full 
parity dependent potentials 1 and 2. These results were complemented by 
calculations of the type reported Kondo et al. (1985) where the parity-independent 
parts of potentials 1 and 2 of Table 35.1 (i.e. Vπ set to zero) were used, and the 
calculated α - transfer amplitude at angle (π - θ ) was added coherently to the 
calculated elastic scattering amplitude at angle θ. Such calculations allow 
investigation of whether the parity dependent term in optical model calculations 
might arise from a requirement to simulate the effects of α -transfer amplitudes. 
Using both approaches to the calculation, predictions were obtained for the 
20Ne(160,16O)20Ne excitation function at θc.m. = 90° and θc.m. = 154°±2°, and com-
parison made with present measurements and with the data reported Schimizu et al. 
(1982). 
Optical model calculations of the elastic scattering excitation function for potentials 1 
(dash curves) and 2 (solid curves) are compared with the measured excitation 
functions at θc.m = 154°±2° (panel (a)) and θc.m = 90° (panel (b)) in Figure 34.4. The 
short vertical arrows in the figure represent the energies of the relevant shape 
resonances in each case. (In panels (a) and (b), the numbers above and below the 
arrows are the spins of the resonating partial waves for potentials 1 and 2, 
respectively.) 
As can be seen, both potentials provide similar predictions of the excitation function 
at θc.m = 154° ± 2°, with unresolved gross structures being predicted at the energies 
of each "doublet" of shape resonances. The excitation function predictions at θc.m = 
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90° however, show significant sensitivity to the optical potential used, with a 
preference for potential 2. 
 
 
Figure 35.4. Excitation functions at θc.m = 154°± 2° (left-had side) and 90° (right-hand side) for 16O + 
20Ne elastic scattering. Panels (a) and (b) show the theoretical results for potentials 1 and 2 compared 
(Table 35.1) with the data. Panels (c) and (d) show the results of a coherent sum of elastic scattering 
and ground state α - transfer amplitudes calculated using the parity-independent parts of potential 2. 
Panels (e) and (f) show the results for potential 3. The short vertical arrows indicate the positions of 
shape resonances and the respective J = L values for the resonating partial waves.  
 
Transfer reaction contributions 
Calculations, which explicitly take into account the ground-state α - transfer 
amplitudes in the prediction of the elastic scattering excitation function were also 
performed, and are compared with the measured excitation functions at θc.m = 
154°±2° (panel (c)) and θc.m = 90° (panel (d)) in Figure 35.4. In these calculations, 
we used the parity-independent part of potential 2 of Table 35.1 (i.e. Vπ set to zero). 
It should be noted that equivalent calculations using potential 1 were reported 
(Kondo et al. 1985) and were rejected as they were unable to describe the θc.m = 
154°± 2° excitation function satisfactorily. 
Figure 35.4 shows that the transfer contribution model, which predicts the magnitude 
and general structure of the data at θc.m =154°±2° (panel (c)), also provides a good 
description of the data at θc.m = 90° (panel (d)). This strengthens the conclusions of 
the earlier study (Kondo et al. 1985), which attributed the parity dependence used in 
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the optical model calculations to a requirement to simulate the effects of α - transfer 
amplitudes.  
Re-examination of the optical model potential 
As a final step, we have decided to depart from the restrictions of using the 
potentials 1 and 2 of Kondo, Robson, and Smith (1983) and search for a potential 
that could give the best fit to our experimental data. This has resulted in potential 3 in 
Table 35.1. The real component ),( .. LEV mc of this potential is shown in Figure 35.5.  
 
Figure 35.5. The depth of the real component of the potential 3, which gives the best fit to our 
excitation function (see panel (f) in Figure 35.4). The graph shows that the potential is deeper for even 
L – values and shallower for odd L – values. 
 
The corresponding fit to the θc.m =90° data is shown in panel (f) of Figure 35.4. As 
can be seen, potential 3 produces excellent fit to our data.  
The calculations for θc.m =154°± 2° are displayed in panel (e). The fit is less 
satisfactory but the calculations reproduce the positions of maxima and minima in 
the excitation function sufficiently well. This potential gives spins resonances, 16+, 
18+, and 20+ at Ec.m. = 22.5, 25.4, and 28.9 MeV.  
Summary and conclusions 
We have measured excitation function for 16O + 20Ne elastic scattering at θc.m = 90° 
over the energy range 21.5 MeV< Ec.m. < 31.2 MeV. We have then carried out an 
extensive theoretical analysis of our data and the data of Schimizu et al. (1982) for 
θc.m  = 154° ± 2° using an extended optical model with the aim of placing additional 
constraints on spin assignments to resonant states, and hence constraints on the 
parity dependent part of the 16O + 20Ne potential. 
We have found that one of the previously obtained potential (potential 2, Table 35.1) 
is favoured by the available new data. However, we have also found a new potential 
(potential 3, Table 35.1) which gives excellent fits to our θc.m = 90° excitation function 
while maintaining a satisfactory description of the excitation function at 
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θc.m.=154°±2°. Our study suggests even spin shape resonances J = 16+, 18+, and 20+ 
at energies Ec.m. ≈  22.5, 25.4 and 28.5 MeV, respectively.  
The potential 3, which gives the best fit to our excitation function, and the favoured 
potential 2, both have a negative parity-dependent component, which means that the 
real potential depth is deeper for even than for odd partial waves (see Figure 35.5).  
We have also carried out an analysis without the parity dependent component but 
including explicitly the amplitudes for α – transfer reaction. These calculations, 
though less satisfactory than the calculations using potential 3, give sufficiently good 
representation of the shape and magnitude of the excitation function. Thus, as 
suggested by Kondo et al. (1985), the parity dependent interaction appears to 
simulate the effects of α -transfer amplitudes. 
More generally, Baye, Deenen, and Salomon (1977), interpret parity dependences of 
ion-ion potentials as a consequence of the Pauli principle associated with an 
exchange of nucleons between two nuclei. They also suggest that the strongest 
parity-dependence should be for nuclei with similar masses, which applies well to the 
16O+20Ne system. Thus, as also mentioned earlier in Chapter 24 for light projectiles, 
parity dependent interaction appears to simulate coupling to non-elastic channels. To 
include such coupling explicitly in the calculations would mean to study a relatively 
large number of channels available in heavy-ion interactions.  
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Appendix A 
Semi-classical descriptions of polarization in stripping reactions 
 
This summary presents some early descriptions of nucleon polarization in stripping 
reactions. In this discussion, I use the product outin kk

×  to define the positive direction 
of the vector polarization. In the early publications, the positive direction was defined 
using either outin kk

× or inout kk

× . Thus, for instance, Newns (1953) used inout kk

× but in 
the next related paper, Newns and Rafai (1958) used outin kk

× . In the same year, 
Hansel and Parkinson (1958) still used inout kk

× . Even later, Sitenko (1959) also used 
inout kk

× . Thus, care must be exercised when reading the early publications.  
The left and right directions may be also ambiguous. For instance, Wolfenstein 
(1956) defines them by looking upstream.  
To adhere to the uniform description, I have corrected the signs in the published 
formulae and in the quoted polarization values whenever necessary. The discussion 
is for the A(d,p)B reactions but the same formulae apply also to the  A(d,n)B 
reactions.  
A simple, classical interpretation of the nucleon polarization produced in the 
deuteron stripping reaction was proposed by Newns (1953). The mechanism is 
illustrated in Figure A.1.  
 
Figure A.1. Classical model (Newns 1953) of nucleon polarization in stripping reactions. This early 
model assumes that the nucleus is transparent to deuterons but not to protons.  
 
If we assume that the selection rules allow for only 2/1+== nn ljj  transfer, then 
the orbital momentum nl

and the spin ns
 of the captured neutron must be parallel. 
For neutrons captured in the area (i) the direction of the spin is into the plane and 
in the area (ii) out of the plane. As the spins of protons and neutrons in deuterons 
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are in the same direction, the direction of the spin ps

 of protons emitted in the area 
(i) are in the into-the-plane direction and those emitted in the area (ii) are in the out-
of-the-plane direction.  
If the nucleus is opaque to protons, but transparent to deuterons, then protons 
emerging from the area (ii) will be absorbed more readily than protons emerging 
from the area (i). The net spin direction of the outgoing protons will be in the into-
the-plane direction, which is in the opposite direction to pd kk

× . Thus, if we assume 
that the stripping reaction leads to a state in the final nucleus, which corresponds to 
the capture of the neutron with 2/1+= lj the resulting polarization of the outgoing 
protons will be negative. Likewise, if 2/1−= lj  then the polarization of protons will 
be positive.  
Using this classical model for stripping reactions, Newns (1953) gives the following 
formula for the polarization: 
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The positive sing is for 2/1−= lj and the negative sign for 2/1+= lj .  
It should be noted that in this classical description, the polarization of the outgoing 
nucleons does not depend on the target nucleus but only on the transferred value 
of the total angular momentum.  
Using this formula, the following values of the polarization can be calculated 
(Newns 1953): 
Table A.1 
The polarization of outgoing protons from the reaction A(d,p)B calculated the semi-classical 
description proposed by Newns (1953) 
l  0 1 2 3 
2/1+= lj  0 -16.67 -13.33 -18.75 
2/1−= lj  0 +33.33 +20.00 +25.00 
 
The classical model of Newns (1953) is useful because it gives a simple 
explanation of the mechanism of the nucleon polarization in stripping reactions. 
However, the weakness of this model is that it neglects the interaction of deuterons 
with the target nucleus.  
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It has been first pointed out by Tobocman (1956) that if one reverses the roles of 
the outgoing proton and incoming deuteron, i.e. if one assumes that the nucleus is 
opaque to deuterons but transparent to the outgoing protons then the sign of the 
polarization will be reversed: it will be positive for 2/1+= lj  and negative for 
2/1−= lj . 
Indeed, for the strongly interacting deuterons we should reverse the shaded areas 
in Figure A.1. In this reversed representation, the region (ii) is darker and region (i) 
lighter. For protons, the whole nucleus will be transparent. In this new classical 
description, more deuterons will be absorbed in the region (ii) than in (i). 
Consequently, more protons will be coming from the region (ii) than from (i) and if 
we again assume that 2/1+== nn ljj  we shall find that the net spin of the outgoing 
protons will be in the out-of-the-plane direction, i.e. in the direction pd kk

× . The 
polarization of the outgoing protons will be positive for 2/1+= lj and negative for 
2/1−= lj . The summary of the two models is presented in Table A.2. 
Table A.2 
Summary of the classical models of the nucleon polarization produced in stripping reaction of 
deuterons 
 Newns (1953)  Tobocman (1956) 
Crystal ball Transparent to deuterons 
Cloudy for protons  
Transparent to protons 
Cloudy for deuterons 
Deuterons Pass easily through the ball  Start being absorbed in the 
area (II)  
Stripped protons Emitted uniformly throughout 
the volume of the ball 
Emitted preferentially in the 
area (II) 
Observed protons Mainly emitted from the area 
(I) 
Mainly emitted from the area 
(II) 
Proton spins for 2/1+= lj  Mainly in the opposite 
direction to pd kk

×  
Mainly in the direction of 
pd kk

×   
Proton polarization at 
forward angles 
± for 2/1lj =  ± for 2/1±= lj  
 
In real life, there will be a contribution from the interactions of both, protons and 
deuteron, with the target nucleus. However, Satchler (1960) pointed out that for a 
given depth of the nuclear potential the interaction of deuterons is about twice as 
effective in producing the resulting polarization as the interaction of the outgoing 
protons. He has also shown that only if dp VV 2≈ and dp kk = that the two competing 
effects cancel and the polarization is zero. This is hardly ever the case. We know 
now that the depths of the potentials are in the opposite direction, i.e. that 
pd VV 2≈ so if we want to apply the classical interpretation of the polarization 
mechanism we should expect that the observed signs of the polarization will be 
opposite to the signs predicted by the original model of Newns (1953). 
It should be noted that the polarization depends on the reaction angle so that even 
for the same value of the transferred total angular momentum it can change sign 
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depending on the reaction angle. The classical picture applies to reactions at small 
angles. In the more exact quantum mechanical description, the association of the 
sign of the polarization with the transferred total angular momentum applies to the 
region of the first stripping maximum, which depending on the transferred orbital 
angular momentum l will have a peak at different angles but always in the forward 
direction. The polarization will change the sign when the stripping amplitude 
changes its sign.  
Sitenko (1959) refers to the model of Newns but relates the polarization to the 
wave functions of deuterons and protons. He gives the following formula: 

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is the modified Bessel function of the second kind (Abramowitz and Stegun 1964).6 
If the target nucleus has spin zero, the polarization of the outgoing protons is 
directly related to the spin of the relevant energy level in the residual nucleus jJ = . 
As can be seen, there are some obvious similarities between the formulae of 
Newns and Sitenko.  
The predicted maximum of the absolute value of the nucleon polarization produced 
in the deuteron stripping reactions is 1/3 (Horowitz and Messiah 1953; Newns 
1953). This can be easily seen from the following formulae (Huby et al. 1958; 
Satchler 1958; see also Glendenning 1963):  
13
1
+
=
l
m
P l   for 2/1+= lj  
l
m
P l
3
1
−=  for 2/1−= lj  
If lm assumes its maximum value of l  then 
13
1
+
=
l
lP   for 2/1+= lj  
3
1
−=P  for 2/1−= lj  
                                               
6 Known also as the spherical MacDonald function, which is the name used by Sitenko (1959). 
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Even in the early studies of nucleon polarization it became clear that the observed 
values were higher than those predicted by the first theoretical calculations (Allas 
and Schull 1959. 1962; Bokhari et al. 1958; Hillman 1956; Isoya, Marrone, 
Michaletti, and Reber 1962).  
If 0=l then 0=lm  and the polarization 0=P . For transitions involving 0=l , 0≠P  
if spin-orbit interaction is introduced.  
Quantum-mechanically, the lm values can be related to the amplitudes l
m
lB for 
stripping reactions7 (Horowitz and Messiah 1953): 
∑
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In the absence of the spin-orbit interaction, ll ml
m
l BB
−=  and 0=P if 0=l . The same 
applies to the formula of Sitenko (1959) because ml
m
l II
−= .  
If the spin-orbit interaction is included, then the expression for lmlB becomes more 
complex and there is no simple formula for the predicted polarization.   
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7 lmlB is the amplitude for the absorption of a neutron with quantum numbers ),( lml . 
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Appendix B 
The diffraction theory 
 
The diffraction theory of nuclear scattering was developed by Blair (Blair 1959, 1961) 
assuming a sharp cutoff radius, and extended by Blair, Sharp, and Wilets (1962), by 
introducing a diffuse surface for target nuclei.  
The elastic scattering 
The amplitude for the elastic scattering of spinless particles by spherical nuclei can 
be expressed in terms of partial waves:8 
( )( ) )(cos112
2
1)( θηθ ll
li
Pl
ik
f −+= ∑  
where ki is the wave number for the incoming particle, )(cosPl θ is the Legendre 
polynomial, and lη is the amplitude of the scattered l th partial wave. 
If the nucleus is represented as a black disk with a sharp cutoff radius, then  
0=lη       for l < L,   
1=lη        for l > L,  
21 /l =η    for l = L,  
where L is the orbital angular momentum or the partial wave determined by the 
nuclear radius R0.  
In the diffraction theory, the amplitude )(θf is calculated in a similar way as in the 
optics using the Fraunhofer approximation: 
∫∫≅ )exp(2)( rkidA
ikf ii


π
θ  
The integration is over the area of the projection of the sphere.  
This leads to the following expression for the elastic scattering differential cross 
section: 
( )
2
122
0
)(



=





Ω x
xJRk
d
d
i
el
σ  
where iik /1≡ is the wave number for the incident particles, 0R the nuclear radius, 
and J1(x) is the cylindrical Bessel function of the first order.  
The variable 0qRx ≡ , where fi kkq

−≡  with ik

 and fk

being the wave vectors for the 
incoming and outgoing particles, respectively (see Figure B.1).  
 
                                               
8 The Coulomb scattering is not included. 
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Figure B.1. The diagram showing the relation between ik

, fk

, q  and the reaction angle θ. 
 
From the well-known relation for the triangle shown in Figure B.1 we find that 
θcos2222 fifi kkkkq −+=  
For the elastic scattering fi kk = and since 
( )θθ cos)/sin( −= 1
2
12  
we find that )2/sin(2 0 θRkx i= . 
The universal function [J1(x)/x]2 is presented in Figure B.2 for 4≥x , i.e. starting from 
the second maximum. To show the structure of this function, the first large maximum 
at x = 0 is not displayed.  
 
Figure B.2. The universal function [ ]21 x/)x(J calculated using the tabulated values (West 1970) and 
the approximate formula (Bronstein and Semedleiev 1957) for the Bessel function ).x(J 1  To show 
the structure of the universal function, the first large maximum at x = 0 is not displayed.   
 
For sufficiently large values of x, the cylindrical Bessel function of the order of n can 
be calculated using the following approximate formula (Bronstein and Semedleiev 
1957): 





 −−≈
42
2 ππ
π
nxcos
x
)x(Jn  
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It can be seen from Figure B.2 that for x > 6 the approximate formula for J1(x) gives a 
good representation of the universal function [ ]21 x/)x(J .  
The inelastic scattering 
For the inelastic scattering from deformed nuclei, integration is also carried out over 
the projection area of the scattering nucleus. The integration can be reduced to 
integration over the projection of a sphere and integration over a projection of the 
deformed part. The whole contribution to the inelastic scattering comes from the 
integration from the later area.  
The black disc formula for the inelastic scattering corresponding to the l = 2 
(quadrupole) excitation has the following form (Blair 1959,1961): 
( ) ( ) ( ) ( )


 +




 +
+
=→=
Ω ∑ 0
2
20
2
0
,,
2
00,
0
2
00 4
3
4
1
4
12
12
1,2
0
qRJqRJMIIMl
I
RkIIl
d
d
mMM
mli δπ
σ  
In this formula, 0I is the spin of the ground state, I spin of the excited state, m,lδ  the 
deformation distance, and 0J  and 2J are the cylindrical Bessel functions.  
The deformation distance is defined by the description of nuclear radius R in the 
following way:  
( ) ( )φθδφθ ′′+=′′ ∑ ,, *0 lm
lm
lmYRR  
where lmY are the spherical harmonic functions, and θ′ and φ′ are the body fixed 
coordinates.  
The cross-section formula can be rewritten as: 
( ) ( ) ( ) ( )


 +





+
=→=
Ω ∑ 0
2
20
2
0
,
2
002
0
2
00 4
3
4
1
4
5
12
1,2
0
qRJqRJMIIM
I
RkIIl
d
d
MM
i δπ
σ  
or in even a simpler form as 
( ) ( ) ( )xFRkIIl
d
d
i Μ=→=Ω
2
00,2
σ
 
where 
Μ′
+
≡
+
≡Μ ∑ 12
1
4
5
12
1
0,
2
002
0 0 I
MIIM
I MM
δ
π
 
and 
 
( ) ( ) ( )


 +≡ xJxJxF 22
2
0 4
3
4
1  
As in the case of the elastic scattering, which was described by the 
[ ]21 x/)x(J function, ( )xF is also a model-independent universal function. The function 
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is presented in Figure B.3 for 120 ≤≤ x . I have calculated it using the ( )xJ0  and 
( )xJ2  values tabulated by Abramowitz and Stegun (1964).  
 
 
Figure B.3. The universal shape function ( )xF  used in describing inelastic scattering. 
Procedure in theoretical analysis 
Theoretical analysis of experimental data for either elastic or inelastic scattering is 
simple. The first step consists in determining the radius R0. This is done by using the 
formula: 
q~
xR max=0  
where maxx is the position of the second maximum of the universal function 
[ ]21 x/)x(J  or ( )xF , q~ is the q - value corresponding to the position maxθ of the relevant 
maximum of the experimental angular distributions: 
( ) 2/1max22 cos2~ θfifi kkkkq −+=  
For instance, for the inelastic scattering, the position of the second maximum of the 
universal function ( )xF  is at maxx =3.25.  
Using thus determined R0 one can then express the function [ ]21 x/)x(J or ( )xF  as a 
function of θ and compare it with the experimental angular distribution.   
Model-dependent formulae 
The matrix element Μ′  is related to nuclear structure. For extreme collective 
models, Μ′can be used to calculate model-dependent parameters, 2δ  or 
( )22 2C/ω using the following relations (Blair 1961): 
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Even-even-mass nucleus 
(a) Rotational model  
π
δ
4
2
2=Μ′  
where 2δ is the deformation distance parameter. 
(b) Vibrational model (i.e. surface vibrations with phonon energy given by 2ω ) 
2
2
2
24
5
cRC 






=Μ′
ω
π
  
where C2 is the surface tension parameter and cR is a nuclear matter radius, 
which is close to the charge radius. It is reasonable to assume that 3121 /c A.R = , 
where A is the atomic mass of the target nucleus.  
Odd-mass nucleus 
(a) Rotational model   
( )
π
δ
4
,|0,,,
2
2
0 KIKlI=Μ′  
where ( )K,I|,K,l,I 00 is the Clebsch-Gordan coefficient given by (Condon and 
Shortley 1935): 
( ) ( )( )( )( )( )
2/1
0000
00
0 2112
113,|0,,, 





+++
+++−
=
IIII
KIKIKKIKlI  
For instance, if we assume the strong coupling model for 27Al, then for the ground 
state band K = 5/2 and ( ) 69.0,|0,,,0 =KIKlI . 
(b) Vibrational model  
2
2
2
0 24
1
12
12
cRCI
I






+
+
=Μ′
ω
π
  
We can use the above formulae if we really know that these models apply or if we 
wish to have a means of parameterising the magnitude of the nuclear matrix 
elements, even though the model does not apply. However, when we are just 
starting to analyse the data and do not know whether any of these extreme models 
can be applied (as in the case discussed in Chapter 3) then it is best to list just the 
factors Μ or .Μ′  
Extended diffraction theory 
One of the biggest defects of the Fraunhofer version (i.e. the black disk with sharp 
cut-off radius) of the diffraction model is that the nuclear surface is taken to be sharp. 
An extremely simple way of making this region ‘grey’ is to multiply the sharp-edge 
cross sections by some factor )( θikf . A typical form factor is the Gaussian, 
( )[ ]2exp)( θαθ ii kkf −= , where α is some distance characteristic of the surface.  
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The effect of introducing a grey or diffuse region at the nuclear surface is that the 
amplitudes of the calculated angular distributions are progressively pushed lower 
with the increasing reaction angle θ. This effect has been also simulated by 
introducing an obliquity factor )2/(cos2 θ . However, a far better way of accounting for 
the diffuse region of nuclear surface is to parameterise the amplitude lη  of the 
scattered partial wave l. Such a smooth transition from a complete to no absorption 
has been introduced by Blair, Sharp, and Wilets (1962) by assuming that lη has the 
following form: 
( )[ ]{ }∆−+= /lLexpl 1η  
They introduced two parameters: the cut-off angular momentum 2/10 −= RkL i  and 
the ratio L/∆ , which describes the width of the transition region. The location of the 
maxima and minima depend on L  and relative heights only on L/∆ . The difference 
between the sharp cut-off radius and smooth cut-off radius calculations is illustrated 
in Chapter 3 for scattering of deuterons from 27Al and 28Si nuclei. 
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Appendix C 
The plane-wave theory of inelastic scattering 
 
In its general form, the transition amplitude for the inelastic scattering from state i  to 
state f is given by (Rost and Austern 1960): 
)()( +−= fifffi VT χϕχϕ  
where, iϕ and fϕ are the intrinsic wave functions for state i  and f, iχ and fχ the wave 
function describing relative motion of the projectile in the incident and outgoing 
channel, and V is the interaction potential that causes the transition from state i  to f 
without influencing the wave functions iχ and fχ . 
The differential cross section is then given by: 
∑




=
Ω
→
av fi
i
f T
k
k
d
fid 22
22
)(
π
µσ  
where µ is the reduced mass of the projectile and ki and kf are the wave numbers in 
the incident and outgoing channels.  
The wave functions iχ and fχ  are solutions of the Schrödinger equation: 
)(
,,
)(
,
2
2
2
±± =





+∆





− fififi EU χχµ
  
where U is the optical model potential.  
Butler (1950, 1951, 1952, 1957; Butler and Austern 1954; Butler, Austern, and 
Pearson 1958) was the first to introduce the concept of direct nuclear interactions. In 
his simple model, he ignored the nuclear interaction U in both the incident and 
outgoing channels and thus represented the wave functions iχ and fχ  by the 
undisturbed plane waves.  Under this assumption, the transition matrix can be 
written as: 
)exp()exp( iiiffffi rkiVrkiT




ϕϕ −=  
where, ik

 and fk

are the initial and final momenta.  
The differential cross section for the inelastic scattering takes then a simple form: 
[ ] [ ]
0
)(),(2122 Rrll iKrhqrjWKqSd
d
=
−
+=
Ω
σ
 
where S is an arbitrary normalisation factor, fi kkq

−= , fiK κκ += ,  
[ ])iKr(h),qr(jW ll is the Wronskian, lj and lh are the spherical Bessel and Hankel 
functions, respectively, and R0 is the nuclear radius.  
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The momentum transfer q is given by: 
( ) 2/122 cos2 θfifi kkkkq −+=  
where θ is the scattering angle. 
The quantity fiK κκ += is related to the projectile binding energies in the target 
nucleus before and after the scattering, i.e. when the target nucleus is in the ground 
state and excited state, respectively. 

i
i
Bµ
κ
2
=  

f
f
Bµ
κ
2
=  
where iB and fB the binding energies before and after the scattering.  
The Wronskian is given by the following expression: 
( )
0
0
Rr
l
l
l
l
Rr
ll
ll
ll dr
djh
dr
dhj
dr
dh
dr
dj
hj
h,jW
=
=



 −=≡  
 
It can be shown that  
[ ] )()()()(),( 1 xxjxjyGiyhxjW lllil −+=  
where 0qRx = , ( ) 0Ry fi κκ += and  
 
)(
)()( 1
iyh
iyhiyyG
l
l
l
−−=  
For l = 2 we have 
[ ] )()()()(),( 12222 xxjxjyGiyhxjW +=  
and 
( )
2
2
2 33
1)(
yy
yyyG
++
+
=  
As with the diffraction theory (see the Appendix B), the fitting procedure consists in 
aligning the first maximum of the angle-dependant function [in this case the function  
[ ] ),()(),( 22222 yxWiyhxjW ≡ ] with the first maximum of the experimental distribution. 
However, the problem here is that unlike the universal )(xF function in the diffraction 
theory, the function ),(22 yxW depends on two variables, each of which depends on 
the radius .R0 Thus, the maximum of ),(
2
2 yxW  will depend not only on the value of 
0qRx = but also on ( ) 0Ry fi κκ += . 
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Fortunately, the dependence on y is weak. I have calculated the ),(22 yxW function for 
various values of y using the tabulated values for the spherical Bessel functions 
(Abramowitz and Stegun 1964). Figure C.1 shows the ),(22 yxW  functions for y = 14, 
15, and 16, and for x = 0 - 10. It can be seen that there is virtually no change in the 
location of the first maximum.  
I have also calculated the positions of the first maximum for a wide range of y = 4 - 
30. Results are shown in Figure C.2. It can be seen that even for such a wide range 
of y values the position of the first maximum changes only by a few per cent.  
  
 
Figure C.1. Squared Wronskian of the second order plotted for three values of y. The functions were 
constructed using the tabulated spherical Bessel functions (Abramowitz and Stegun 1965).  
 
 
Figure C.2. The position maxx  of the first maximum of the function [ ] ),()(),( 22222 yxWiyhxjW ≡ as 
the function of y . 
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The traditional way of fitting experimental data with the plane wave theory is to use 
the tabulated cross sections (Lubitz 1957). First one has to calculate the y/x ratio, 
which does not depend on R0: 
qx
y fi
~
κκ +
=  
where, as for the diffraction model, q~ is the q - value corresponding to the position 
maxθ of the first maximum of the experimental angular distributions. 
Next, from a plot of the dependence of y/x on x (Lubitz 1957) for a given l one 
determines the value of y, which then one can use to find the corresponding 
tabulated ),( yxlTABσ cross sections. Using the tabulated ),( yx
l
TABσ cross sections one 
finds the position maxx of the first maximum of function ),(
2
2 yxW , and use it to 
calculate R0:  
q~
xR max=0  
 
Finally, using the determined R0 one can express ),(22 yxW  as a function of θ and 
compare it with the experimental angular distribution.   
Alternatively, one can assume that the radius R0 is given approximately by 
p
/ RA.R +≈ 310 21  
where A is the mass number of the target nucleus and Rp the radius of the projectile. 
Using thus calculated R0 one can calculate y and ),(22 yxW .  As the position of the first 
maximum of ),(22 yxW  depends weakly on y, one can locate the maxx  value and use it 
to recalculate the value of R0.  
In both of these options, the procedure can be repeated for different values of y until 
satisfactory results are obtained.  
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Appendix D 
The strong coupling theory 
 
The concept of the strong-coupling theory (as used in the analysis discussed in 
Chapter 3) has been described in the following publications: Buck (1963), Buck, 
Stamp, and Hodgson (1963), and Chase, Wilets, and Edmonds (1958). 
We start with the Schrödinger equation:  
[ ] ),(),(),()( ξξξξ rErrVTHn

Ψ=Ψ++  
where r are the coordinates of the incident particles, ξ  – internal coordinates of the 
target nucleus, )(ξnH  – the target nuclear Hamiltonian, T – the kinetic energy 
operator for the relative motion, ),( ξrV  – the interaction energy between particle and 
nucleus, ),( ξrΨ – the complete wave function for the system, and E – the total 
energy. The system of coordinates is in the centre-of-mass frame of reference, the 
mass is represented by reduced mass, and the relative energies and momenta are 
used.  
To solve this equation, we expand ),( ξrΨ in terms of eigenstates of the total angular 
momentum J: 
∑=Ψ
JM
M
JJM rar ),(),( ξψξ

 
Here we have to introduce notations for the angular momenta: 
I – target spin 
l – the relative orbital angular momentum of the partial wave of the incident particles 
J – the total angular momentum ( IlJ ˆˆˆ += )  
All these quantities are for the entrance channel. For the exit channels, we have I ′  
and l′  adding also to J.  
The function ),( ξψ rMJ

can be expressed as a superposition of elastic and inelastic 
scattering components: 
),()(1),()(1),( ''
''
'' ξφξφξψ rrfr
rrf
r
r lI
lI
J
lI
JM
Il
J
Il
M
J
 ∑+=  
where )(rf JIl are the radial wave functions for the system with the target in spin state 
I and relative target-particle angular momentum l. The sum is over all I ′  values but 
excluding the ground state I.  
By inserting this function in the Schrödinger equation, we then get the following set 
of differential equations for the radial wave functions: 
0)()()()1(
2 :22
22
=+






−+




 +
−− ′′
′′
′′∑ rfrVrfEr
ll
dr
d J
lI
lI
J
lIIl
J
IlIεµ
  
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0)()()()()()1(
2 ::22
22
=++




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
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



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J
Il
J
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J
lIIεµ
  
where µ is the reduced mass, εI is the excitation energy of the target state with spin 
Ι, and )(: rV
J
lIIl ′′  are the coupling matrix elements. The sum in the second set of 
equations is for II ≠′′ and ll ≠′′ . 
The coupling matrix elements are defined as 
),(),(),()(: ξφξξφ rrVrrV
JM
lI
JM
Il
J
lIIl

′′′′ =  
As mentioned in Chapter 3, the computer code used in the analysis of our 
experimental results was restricted to scattering from even-even nuclei and for only 
++ → 20 transitions. This assumption simplifies significantly the calculations. In this 
case J = l for the ground state and .2=′′=′ II  The differential equations for the radial 
functions take then a simpler form: 
0)()()()()1(
2 22:000:022
22
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l
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ll
J
J
J
Jl
J
l
J
llµ
  
where 2ε−= EE .  
In principle, the equations are for an infinite number of partial waves. However, in 
practice, only a limited number of partial waves contributes to the reaction and 
consequently J values are terminated at a certain Jmax value, which is determined by 
examining the solutions of the differential equations (see below).   
The coupling matrix elements involve the use of Clebsch-Gordan coefficients, which 
limit the values for l′ and l ′′  to three values for each J, namely J - 2, J, and J + 2. With 
these restrictions, the lower set of equations is limited to three, making (with the 
upper equation) the total of only four coupled equations for each value of J.  
The solutions )(0 rf
J
J , )(22 rf
J
J − , )(2 rf
J
J , and )(22 rf
J
J + are then expressed in terms of four 
scattering matrix elements JJ0α , 
J
J 22 −β , 
J
J2β , and 
J
J 22 +β  determined by the boundary 
conditions. The scattering matrix elements are directly related to the better-known S - 
matrix elements, which enter into the expressions of the elastic and inelastic 
scattering amplitudes: 
∑ −++=
J
J
J
JJc PSJiik
fA )(cos)1)(12)(2exp(
2
1)()( 00 θωθθ  
)(cos
)!(
)!()1()12)]((exp[1)( 202
2/1
2 θωωθ
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MJSJi
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′
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−++′
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
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
 ′=  
where 
θ – the scattering angle  
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)(θcf – the Coulomb scattering amplitude 
( )[ ]2/sinlog2exp
)2/(sin2
)( 2 θγθ
γθ i
k
fc −−=  
2
2
k
zZeµγ =  
with z and Z being the atomic numbers for the projectile and target nucleus 
respectively  
0σσω −= JJ ,  
with Jσ being the Coulomb phase shifts (Buck, Maddison, and Hodgson 1960) 
2−=′ JJ , J, 2−J ,  
J
JS0 and 
J
JS ′2 are the S – matrix elements 
As mentioned earlier, the S – matrix elements are related to the four scattering 
matrix elements JJ0α , 
J
J 22 −β , 
J
J2β , and 
J
J 22 +β  [which in turn are related to the four 
solutions )(0 rf
J
J , )(22 rf
J
J − , )(2 rf
J
J , and )(22 rf
J
J + ] of the coupled-channel equations 
in the following way: 
12 00 +=
J
J
J
JS α  
J
J
J
JS 2222 −− = β  
J
J
J
JS 22 β=  
J
J
J
JS 2222 ++ = β  
2
0
JJ
MMC
′ – the Clebsch-Gordan coefficients in Biedenharn (1952) notation. 
)(cosθJP  and )(cosθ
M
JP  – Legendre and associated Legendre polynomials, 
respectively. 
The four differential equations for the radial wave functions are solved numerically 
for various values of J until JJ0α , 
J
J 22 −β , 
J
J2β , and 
J
J 22 +β  become negligible. This 
determines the maximum value Jmax, which corresponds to the maximum number of 
partial waves contributing to the scattering.  
Using the theoretically calculated elastic and inelastic scattering amplitudes and the 
S – matrix elements one can calculate the quantities, which can be compared with 
the experimental results: 
The differential cross section for elastic scattering: 
2
0 )(θ
σ A
d
d
el
=





Ω
 
The differential cross section for inelastic scattering: 
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2
2 )()20( ∑=→





Ω
++
M
MA
d
d θσ  
The total absorption cross section: 
∑ 


 −+=
J
J
JA SJk
2
02 1)12(
πσ  
The total elastic cross section for incident particles: 
2
02 1)12(∑ −+=
J
J
JEL SJk
πσ  
The total inelastic cross section: 
2
22 )12()20( ∑
′
′
++ +
′
=→
JJ
J
JIN SJk
k
k
πσ  
The total cross section for particles: 
( )∑ −+=
J
J
JT SJk 02
Re1)12(2πσ  
In the above expressions, J = 0, 1, 2, … Jmax and 2, ±=′ JJJ . 
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Appendix E 
Theories of direct nuclear reactions 
Introduction 
Theories of direct nuclear reactions have been discussed in numerous publications. 
Convenient sources of reference are two books: Glendening (2004) and Satchler 
(1983). Presented here are just general concepts of these theories. 
Consider a general reaction A(a,b)B, which is illustrated in Figure E.1 for the stripping 
reaction. 
 
 
Figure E.1. The stripping reaction A(a,b)B. The particle x is stripped from a and absorbed by A to form 
the particle B. 
 
Information about the reaction mechanism and nuclear structure is contained in the 
transition matrix baT , which in its general form can be written as 
αβ ΨΨ= VTba  
where αΨ and βΨ  are the complete wave functions describing the incident and 
outgoing channels, α(a,A) and β(b,B), respectively, and V is the interaction potential 
responsible for the transition xba +→ .  
The wave functions αΨ and βΨ , describing the entire systems a + A and b + B 
respectively are the solutions of the Schrödinger equations: 
0)( =−++ αααα ψEUTH  
0)( =−++ ββββ ψEUTH  
where 
Aa HHH +=α  
Bb HHH +=β  
aH and bH are the internal Hamiltonians for the incident and outgoing particles; 
AH and BH are the Hamiltonians for the target and residual nuclei; αT and βT  are the 
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kinetic energy operators in channels α and β; αU and βU  are the operators describing 
the interaction of the incident particle a with the target nucleus A and of the outgoing 
particle b with the residual nucleus B, respectively.  
It is impossible to solve the Schrödinger equations for the entire systems a + A and b 
+ B so we have to introduce simplifications, which lead to various versions of theories 
of direct reactions.   
Functions αΨ and βΨ  can be written as products of three functions 
aAAa ψψψα =Ψ  
bBBb ψψψβ =Ψ  
where  
aψ , bψ , Aψ , and Bψ  are the internal wave functions for the particles a, b, A, and B. 
These wave functions are solutions of the following Schrödinger equations: 
aaaH ψε )( −  
bbbH ψε )( −  
AAAH ψε )( −  
BBBH ψε )( −  
It is usually assumed that Hk (k = a, b, A, or B) are shell model Hamiltonians of the form 
∑∑
≠=
++=
ji
iji
A
i
iA VUTH )(
1
 
where  
2
2
2 ii
i m
T ∇−=   
is the kinetic energy operator of the ith particle, )( ii rUU ≡  a central potential acting on 
a single particle, and )( jiij rrVV

−≡ an interaction potential between two particles i and 
j, known as the residual interaction.  
The wave functions aAψ and bBψ describe events taking place in the systems a + A and 
b + B but do not describe the intrinsic structure of particles a, b, A, and B. 
It is convenient to write the transition matrix element in the form: 
babbBAaBbaaA rdrdrVrT

∫ ∫ +−= )()( )()( ψψψψψψαβ  
where ar
  and br
  are the relative coordinates of (a,A) and (b,B).  
The nuclear matrix element AaBb V ψψψψ , also known as the form factor, represents 
integration over all intrinsic coordinates. This form factor contains information about 
nuclear structure. 
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The Plane Wave Born Approximation (PWBA) 
The simplest treatment of direct nuclear reactions is to assume that there is no 
interaction between a + A and b + B systems (except for a momentary interaction 
changing a into b), i.e. that Uα = Uβ = 0 (see the Appendix C). The wave functions 
aAψ and bBψ can then be written as plane waves 
)exp( aaaA rki


⋅=ψ  
)exp( bbbB rki


⋅=ψ  
where ak

and bk

are the relative momenta of particles a and b.  
The transition matrix has then the form: 
∫ ⋅⋅−= barkiAaBbrkiPWBA rdrdeVeT bbab





ψψψψ  
If we assume that particle b is emitted from the same point where particle a is 
absorbed, which makes rrr ba

=≈ , we have for the following simpler expression for 
the transition matrix 
∫∫ ⋅⋅⋅− == rdVerdeVeT AaBbrqirkiAaBbrkiPWBA ab






ψψψψψψψψ  
where ba kkq


−= is the momentum transfer, which depends on the reaction angle θ: 
[ ] 2/122 cos2 θbaba kkkkq −+=  
The form factor AaBb V ψψψψ may be written as  
),()(
,
φθψψψψ ′′= ∑ ml
ml
lAaBb YrfV  
where l is the angular momentum transfer involved in the reaction, which is usually 
represented by just one value. In this case,  
drrrfqrjT llPWBA
2)()(∫∝  
where )(qRjl is the spherical Bessel function of the order of l. 
If we assume that the nucleus is a black object with the radius R, then the integration 
can be carried out for Rr ≥ . If we further assume that the reaction is confined to 
nuclear surface, i.e. that Rr ≈  and thus neglect integration over Rr >  then in its 
simplest form 
)(qRjT lPWBA ∝  
The differential cross sections, which are proportional to the square of the transition 
matrix for the reaction A(a,b)B are in its simplest form proportional to the square of the 
spherical Bessel function 
)(2 qRj
d
d
l∝Ω
σ
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This is a convenient formula, which could be used easily in the interpretation of 
experimental data. By comparing the )(2 qRjl function with experimental angular 
distributions one can easily determine the l transfer and thus the orbital angular 
momentum of nuclear state excited in a single particle stripping reaction or angular 
momentum involved in inelastic scattering.  
The radius R is a parameter that is obtained by matching the position of a dominant 
maximum in the experimental angular distribution with the relevant maximum of the 
)(2 qRjl function (see the Appendices B and C). This parameter may be interpreted as 
a nuclear radius.   
The Distorted Wave Theory 
Formalism 
The next step in improving theoretical description of direct reactions was to introduce 
the concept of distorted waves. In this description, it is assumed that there is nuclear 
interaction between a and A and b and B, that is, that the interaction potentials 
0≠αU and 0≠βU . However, the key assumption is that the interactions in both the 
entrance and exit systems are dominated by the elastic scattering. Coupling between 
all other channels (inelastic scattering and rearrangement) which result from a 
collision of a with A are treated as perturbations and are absorbed in the imaginary 
components of the potentials describing the systems a + A and b + B.   The transition 
matrix can then be written as 
babbbBAaBbaaaADW rdrdrkVrkT




∫ +−= )()( )(*)( ψψψψψψ  
where )(−aAψ and 
)(+
bBψ are the “distorted waves”. They are just elastic scattering waves 
describing the relative motion of a + A and b + B. These functions are generated by 
solving Schrödinger equations containing optical model potentials.  
In principle, parameters of optical model potentials in the entrance and exit channels 
should be determined by fitting angular distributions for the elastic scattering of a from 
A and b from B. However, in general, only the distributions for the elastic scattering of a 
from A can be measured and fitted using optical model procedure. To determine 
optical model parameters for the exit channel, b + B, various alternative methods are 
used. If b can be used as a projectile and B as a target and if the energy of b can be 
made to match the energy of b in the exit channel of the studied reaction, then optical 
model parameters for the exit b + B channel can be determined by measuring the b + 
B elastic scattering angular distribution and fitting it using optical model procedure. If 
the elastic scattering angular distributions for the exit channels cannot be measured, 
then one can use optical model parameters determined for the neighbouring masses 
and energies of b and B. In fact, it may be argued that it is better to use the “average” 
optical model parameters both in the entrance and exit channels when fitting the 
A(a,b)B angular distributions. The “average” parameters are obtained by studying 
elastic scattering angular distributions over a sufficiently wide range of targets A and B 
for incident particles a and b and for energies, which are in the vicinity of the energies 
for the entrance and exit channels of the reaction A(a,b)B.  
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In its simplest form, the optical model potential contains only two central components, 
the real and the imaginary. The interaction potential U(r) describing the relative motion 
of particles can be written as:  
 )()()()( rVxiWgxVfrU C+′−−=  
where V and W are potential depths, )(xf and )(xg ′ are the shape functions and VC(r) 
is the Coulomb potential. The function )(xf has the Woods-Saxon form: 
1)1()( −+= xexf   where  
a
Arrx
3/1
0−=  
The function )(xg ′  has either the Woods-Saxon form (for the volume absorption):    
1)1()( −′+=′ xexg      
a
Arrx
′
′−
=′
3/1
0  
or the derivative of the Woods-Saxon shape (for the surface absorption): 
[ ]1)1(4)( −′+′=′ xe
dr
daxg  
The Coulomb potential VC(r) is taken as the potential due to a uniformly charged 
sphere of radius RC: 
r
ZerVC
2
)( =  for CRr >  






−= 2
22
3
2
)(
CC
C R
r
R
ZerV  for CRr ≤  
where Z is the charge of the target nucleus. 
Other terms may be added to the optical model potential. The most common 
additional term is the spin-orbit potential: 
SL ⋅





=
dr
arrdh
rcm
VrV sososo
),,(1)(
2
π
  
where Vso is the spin-orbit potential depth and 
]/)exp[(1
1),,( 3/1
soso
soso aArr
arrh
−+
=  
Finally, more complex tensor components are also included when necessary (see for 
instance Chapter 24).  
The distorted waves ),()( rk 

±ψ  generated by the optical model potentials in the input 
and output channels take an asymptotic form of a plane wave with momentum k

plus 
an outgoing (or incoming) spherical scattered wave, which in the absence of Coulomb 
interaction has the form 
r
eferk
ikr
rki
±
⋅± +→ )(),()( θψ




 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
411 
 
If we assume that the distorting potentials for the incoming and outgoing particles 
contain spin orbit interaction, then the distorted waves become matrices in the spin 
space 
ms
m
mmms rkrk ′
′
±
′
± ∑= ,)( ,,)( ),(),( ηψηψ 



 
where ms ,η are spin functions. 
To solve the relevant Schrödinger equations, the usual partial wave expansion is 
carried out for functions ),()( , rkmm


±
′ψ  
)()()|)(|)(,(124),( ,0
,
)(
, kdrYMJmmMLsMJLsMmrkLikr
rk L mM
mM
LJLs
LJ
L
mm



′−′
′−′±
′ ′′′−′′+= ∑ χπψ
where Lmd ,0 are the rotations functions for integer spin (Edmonds 1957). 
The radial parts of distorted waves satisfy the following equations: 
[ ] 0),()(2)1( 2222
2
=






−
+
−+ rkrU
r
LLk
dr
d
JLsχ
µ

 
where )(rU is the potential describing elastic scattering of a from A or b from B. It 
contains the Coulomb interaction potential and the usual optical model potential (with 
the spin-orbit interaction).  
From here, the description of the theory becomes a little more complicated. 
The form factor AaBb V ψψψψ , which contains information about nuclear structure can 
be expressed as a sum containing elements lsjB  and lsjf . Elements lsjB measure the 
strength of the interaction and lsjf  contain the details of reaction model. To simplify 
the calculations, delta function is also introduced. It describes zero-range interaction. 
Later simple procedure may be used to correct for the final-range interaction.  The 
expression for the form factor AaBb V ψψψψ  has the following form: 
*)()(
)|)(|)(|(
a
m
l
l
abclsj
BAbaaababaBBABA
lsj
Alsj
aaAAbbBBAaBb
rYir
B
Arrf
MjMmlsmmmsmmsmsMJMMjMJB
msMJVmsMJV
−




 −×
−−−−=
≡
∑
δ
ψψψψ
 
The angular momenta satisfy the following relations: 
AB JJj ˆˆˆ −=         ab sss ˆˆˆ −=           sjl ˆˆˆ −=  
In practice, usually only one set of jls transfer is involved so the calculations are 
significantly simplified. 
Using the information about the partial waves and the nuclear form factor, we can now 
express the transition matrix element in the following form: 
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ba
baBA
mmm
lsjBBABAAlsj
lsjba
mmMM SMJMMjMJBlkk
T )|(124; −+= ∑π  
This expression contains the already familiar lsjB element and a ba mmmlsjS , known as the 
reaction amplitude. Hidden in the reaction amplitude are the following elements: (a) 
the angular dependence expressed as a sum of Legendre polynomials, (b) the model-
dependent radial form factors lsjf , and (c) the distorted partial waves JLχ for the 
entrance and exit channels.  
∑ −−=
b
ba
b
ba
b
ba
L
mmm
L
mmm
Llsj
mmm
lsj PS ;β  
where the amplitude ba
b
mmm
Llsj;β has the form: 
lLL
b
lsj
LJLJ
aaa
bbb
aba
abbaaab
abbbabb
mJLJ
aaaaa
mmm
Llsj
ba
baa
baa
ba
b
iI
JsL
jsl
JsL
LJjs
LlLLmJmmjmJ
mmJmmmMmsLmJmsL
−−×










++++×
+−×
−−−= ∑
)12)(12)(12)(12(
)0|00)(12)(|(
)|()|0(
;β
 
This formula contains the usual Clebsch-Gordan coefficients (….|..) and 9-j symbol {}. 
It also contains the radial integrals I which are related to the partial waves χ in the 
following way: 
caaLJclsjabLJ
lsj
LJLJ drrkrfrB
Ak
A
CBI
aabbbbaa
),()(),( )(
0
)(
2
−∞ −∫= χχ  
where C is the mass of the core of the form factor. 
The differential cross section for the reaction A(a,b)B, which can be either inelastic 
scattering or transfer reaction, is expressed in terms of the transition amplitude T as 
follows: 
2
2
;
2
2
12
12
11
12
12
4
1
)12)(12(
1
2
)(
∑ ∑
∑
+
++
+
=
++





=
Ω
mmm lsj
mmm
lsjlsj
aa
b
baA
B
mmMM
mmMM
aAa
bb
ba
ba
baBA
baBA
SBl
sk
k
EEJ
J
T
sJ
d
d
π
υ
υ
π
µ
θσ

 
where Ea and Eb are the centre of mass energies in the entrance and exit channels, 
respectively. 
For the inelastic scattering (a = b) the differential cross section takes the form: 
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)(
12
12
12
12)( 2 θσθσ lsjaalsj
B
B B
j
l
J
J
d
d
′+
+
+
+
=
Ω
 
where 
∑ ∑+=′ mmm lsj
mmm
lsj
aa
b
ba
lsj
aa
ba
baS
sk
k
EE
2
12
11
4
1)(
π
θσ  
For transfer reactions ( ba ≠ ) 
)(
1012
1
12
12)(
4
2
θσθσ lsjab
lsj
B
B
B
jJ
J
d
d
++
+
=
Ω
 
∑ ∑ ++= mmm lsj
mmm
lsj
aa
b
ba
lsj
ab
ba
baSl
sk
k
EE
24
12
12
101
4
1)(
π
θσ  
 
In particular, if we consider a stripping reaction A(a,b)B with a = b + x and B = A +x 
then the nuclear form factor can be written in terms of spectroscopic factors and a D0 
coefficient.    
*
2/1
)()()|(
)|)(|)((
xb
m
lxbBBABAA
aababbxAjl
jl
jlaaAAbbBB
rYrDMJMMjMJ
msmmsmsjmlsmrRSmsMJVmsMJ

−×
−−= ∑ µµ
 
where Sjl is the spectroscopic factor, lsjjl fR = is the radial form factor for the transfer of 
x into the target nucleus A, and )( xbrD
 is the product of the projectile internal function 
and the interaction potential between x and b. 
)()()( bxabxbxbx rrVrD ψ≡
  
Assuming zero-range interaction we have  
)()( 0 bxbx rrDrD

−= δ  
which gives 
bxbxabxbx drrrVD )()(0 ψ∫=  
The reaction strength factor lsjB is then given by 
0
2/1 DSB ljlsj =  
Consequently, the expression for the differential cross section for the stripping 
reaction A(a,b)B takes the form: 
)(
101212
12)(
4
2
0 θσθσ lsjab
lsj
B
B
st
D
j
S
J
J
d
d
++
+
=



Ω
 
The cross section for the pickup reaction is 
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stB
A
b
a
b
a
pk d
d
J
J
s
s
k
k
d
d




Ω+
+
+
+






=



Ω
)(
12
12
12
12)(
2
θσθσ  
The zero-range coefficient 0D can be either estimated experimentally, if spectroscopic 
factors are known, or calculated. For instance, for deuterons, if we use the Hulthén 
function for )( bxa rψ , i.e.  





 −






−
+
=≡
−−
r
eerr
rr
dnpd
βα
βαπ
βααβψψ 2)(2
)()()(  
we get 
3
3
2
2
0
8





 +
=
β
βα
α
πεD  
where 
µ
αε
2
22

=  
is the deuteron binding energy (ε = 2.23 MeV) and µ is the reduced mass (µ = 1/2).  
Assuming that β = 7α we can calculate that 
42
0 1055.1 ×=D  MeV2fm3 
The difference between plane wave and distorted wave calculations is illustrated in 
Figure E.2. 
 
Figure E.2. Plane-wave and distorted-wave calculations are compared with experimental results for 
40Ca(d,p)41Ca reaction (Lee at al. 1964).  
 
Finite-range and nonlocality corrections 
A correction for the finite-range interaction for single particle transfer reactions can be 
made by multiplying the form factor flsj by one of the following functions 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
415 
 
)(1
1
rA
WFR +
=        Hulthén form 
)(rA
FR eW
−=            Gaussian from 
where 
[ ])()()(2)( 22 aaaxxxbbbFR
a
xb rVErVErVER
m
mmrA +−−+−=

 
with RFR being the finite range parameter (see Table E.1), and Ea, Eb, Ex, and Va , Vb, Vx 
the energies and potentials of particles a, b, and x with respect to the target.  
 
 
Table E.1 
Examples of zero-range coefficients 20D and finite range correction factors FRR  
Reaction 2
0D  FRR  
(d,p) 1.55 0.621 
(3He,d) 4.42 0.770 
(3H,d) 5.06 0.845 
(4He,3He) 24-46 0.700 
(4He,3H) 24-46 0.700 
 
The assumption that optical model potential depends only on the distance of two 
interacting particles does not always give a satisfactory description of experimental 
data. The correction for nonlocality of the interaction potentials in the entrance and exit 
channels, and for the transferred particle, may be made by multiplying the form factor 
for each particle by the following function: 






= )(2
8 2
2
ii
ii
NL rU
mW

β  
where βi is the non-locality parameter for particle i. For instance, typical values β are. 
0.85 fm, 0.54 fm, and 0.25 fm for nucleons, deuterons and tritons, respectively (Bassel 
1966). 
Coupled channels theory 
The coupled channels theory is an extension of the distorted waves formalism. In this 
theory, the wave function for the relative motion of interacting particles includes not 
only the elastic scattering but also coupling to other processes, which are present in 
any nuclear reaction but which are neglected in the distorted wave theory. For 
instance, coupling to strong inelastic channels might influence a measured angular 
distribution for a transfer reaction.  
Coupled channels theory allows also to carry out calculations for the two-step or multi-
step reactions. An example of such processes is discussed in Chapter 17 for the 
vector polarization of elastically scattered deuterons from Se isotopes. In that study, I 
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have considered not only the single step (d,d) scattering but also two step processes 
(d,d’)(d’,d), (d,p)(p,d), and (d,t)(t,d). I have shown that the experimentally observed 
isotopic effects of deuteron polarization can by explained as an interplay between the 
direct (d,d) and two-step (d,d’)(d’,d) scattering. Figure E.3 shows a few examples of 
one- and two-step excitations. 
In this illustration, it is assumed that states j and j′  in the A+1 nucleus have 
configurations based on the ground state I of the A nucleus. They therefore can be 
excited directly from the ground state I by a single-step process. Such transitions 
can be treated using distorted wave theory.  
However, the state j ′′ is assumed to have no parentage based on the ground state I 
and consequently cannot be excited via a single-step transition. This state can be 
accessed via a two-step reaction, which involves the excitation of either a target or 
residual nucleus, or both. Transitions of this type have to be treated using coupled 
cannels theory. The coupled channels theory allows also for considering two-step 
contributions to transitions, which can proceed via a single-step excitation, such as 
for the state j′  in Figure E.3. This state can be excited directly from I and indirectly 
via the state j.  
 
 
 
Figure E.3. Examples of single-step and two-step transitions from the target nucleus A to the residual 
nucleus A+1. The double vertical lines indicate strong excitations by inelastic scattering. The state j 
can be excited via a single-step transition. The state j ′′ can be excited only via two-step processes, 
which involve the excitation of the target and/or residual nucleus. The excitation of the state j′  can 
have contributions from a single-step and two-step transitions.   
 
The concept of the coupled channels theory has been discussed in the Appendix D for 
the inelastic scattering. However, to see the basic difference between the coupled 
channels and distorted waves treatments of direct nuclear reactions it is useful to 
compare here the relevant Schrödinger equations for the partial wave functions. 
Let us consider a wave function for a channel c in a representation, which couples the 
orbital angular momentum of the relative motion lc to the intrinsic spin of the projectile 
sc to give jc: ccc slj ˆˆˆ += . 
© Ron W. Nielsen, 2016, Nuclear Reactions 
___________________________________________________________________________ 
 
417 
 
The momentum jc is then coupled to the target spin Ic to give angular momentum J 
with the projection M: cc IjJ ˆˆˆ += . 
The wave function for all channels can then be written as 
( )( )
JM
c
I
c
ljcc
lcj
cJ
jlJM ccc
cc
cc
rk ψψχ ,∑=Ψ  
The c lj ccψ is the wave function for coupling the relative angular momentum and intrinsic 
spin, and cIcψ is the intrinsic wave function for the target. The Schrödinger equations 
for the radial wave function cJjl ccχ are: 
 
[ ] ),()(2),()(2)1( 22222
2
cc
cJ
ljccc
c
c
cc
cJ
ljccc
c
c
cc
c
c
rkrUrkrU
r
llk
dr
d
cccc ′′′′
′
′∑=






−
+
−+ χµχµ

 
We can now compare them with the equivalent equations in the distorted waves 
theory: 
[ ] 0),()(2)1( 2222
2
=






−
+
−+ rkrU
r
LLk
dr
d
JLsχ
µ

 
We can see that the essential difference is that the zero on the right-hand side of the 
equations for the distorted waves is now replaces by a sum of terms describing 
coupling between various channels. 
The diagonal term Ucc is the potential, which describes the relative motion of particles 
in channel c. It contains both the Coulomb and optical model potentials. The off-
diagonal term ccU ′  is a coupling potential, which is given by the relation: 
c
MJ
c
s
m
l
lc
MJ
c
s
m
l
l
cccccccc
cccccc
MMmm
cccccccc
ccc
c
c
c
ccc
c
c
c
cccccc
YiVYiJMMIjJMMIj
jmsljmslU
′′
′′′′
′′′′′′′
′′′
′
′
′
′′′
×
= ∑
φφφφγγ
γνγν
νν
)|)(|(
)|()|(
 
The formalism contains the familiar elements, such as lsjf and lsjB but now they also 
have channels indices (e.g. cclsjf
′  and cclsjB
′ ). These and other quantities enter into the 
elements that are used in the calculations of relevant observables, such as the 
differential cross sections. 
The differential cross section for channel c is given by: 
2
11
11
11
)()(
12
1
12
1)( ∑ ∑+++=Ω
cccc cc
c
c
cc
cccc
MM ml
m
l
ml
MMcoul
cc
c PDf
sId
d
νν
νν θθ
θσ  
where the subscript c1 refers to the initial elastic channel, )(θcoulf is the Coulomb 
scattering amplitude (see Appendix D), cc
cccc
ml
MMD νν 11 are the reaction amplitudes, which 
also contain the Coulombs phase shifts, and )(θc
c
m
lP are the Legendre polynomials. 
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Appendix F 
Nuclear spin formalism 
 
This Appendix contains a brief outline of the nuclear spin formalism for spin-1/2 and 
spin-1 particles. For more details see such publications as Worfenstein (1956), 
Gammel, Keaton, and Ohlsen (1970), and Ohlsen (1972).  
Spin-1/2 particles 
A single spin-1/2 particle can be represented by a Pauli spinor 






=
2
1
a
a
χ  
The expectation value of an observable corresponding to a Hermitian operator9 O is 
given by10 
[ ]
OTrOaOaaOaaOa
a
a
OO
OO
aaOO
ρ
χχ
=+++=












== +
22
2
2211
*
2122
*
111
2
1
2
1
2221
1211*
2
*
1  
where ρ is the density matrix defined as  
[ ] 





=





= *
22
*
12
*
21
*
11*
2
*
1
2
1
aaaa
aaaa
aa
a
a
ρ  
 
For an ensemble of N particles, each element of the density matrix is replaced by the 
average value  
∑
=
=
N
n
n
k
n
jjk aaN 1
*)()(1ρ   2,1, =kj  
 
The state of polarization of an ensemble of spin-1/2 particles is specified by the 
expectation values of the Pauli spin operators: 
xxX Trp ρσσ ==  
yyY Trp ρσσ ==  
zzZ Trp ρσσ ==  
                                               
9 An operator O is Hermitian if O+=O. By definition, if ija  are the elements of matrix O and ijb  
elements of O+ then *jiij ab = . Consequently, for a Hermitian operator ijij ab = . The average value of a 
Hermitian operator is real. 
10 The general formula is OTrTrOTrO ρρρ == /  if 1=ρTr . 
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where 
 






=
01
10
xσ ; 




 −
=
0
0
i
i
yσ ; 





=
10
01
zσ  
 
are Pauli spin operators. 
If we choose the polarization axis along the quantization axis we shall have N+ 
particles aligned with the quantization axis and N- particles aligned in the opposite 
direction. The density matrix is then given by  






+
=
−
+
−+ N
N
NN 0
01ρ  
and the beam polarization by 
−+
−+
+
−
==
NN
NNTrp ZZ ρσ  
with 0== YX pp .11 
It can be easily seen that Pauli matrices are orthogonal and normalized, i.e. that 
ijjiTr δσσ 2=  
The three Pauli operators and the 2x2 unit matrix form a complete orthogonal set 
and consequently, any 2x2 matrix, M, can be expanded in terms of this basic set.  
Spin-1 particles 
A spin-1 particle is represented by a three-component spinor 










=
3
2
1
a
a
a
χ  
The basis spin-1 angular momentum operators are defined as 
 










=
010
101
010
2
1
xS ; 










−
−
=
00
0
00
2
1
i
ii
i
Sy ; 










−
=
100
000
001
xS  
These three vector polarization operators and a unit matrix form a set of four 
Hermitian operators but nine are needed to span the 3x3 space. It is therefore 
necessary to construct additional operators. These additional operators are defined 
by the following relations (Goldfarb 1958): 
                                               
11 I am using the capital letters for the subscripts to distinguish the polarization components in the 
symmetry axis frame of reference and the components in the laboratory frame of reference, which will 
be introduced later (see the Appendix H).  
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ISSSSS ijijjiij δ2)(2
3
−+=   zyxkj ,,, =  
where  










=
100
010
001
I  
Explicitly, the additional operators are 









 −
=
00
000
00
2
3
i
i
Sxy  










−
−=
010
101
010
8
3
xzS  










−
−
=
00
0
00
8
3
i
ii
i
Syz  










−
−
=
103
020
301
2
1
xxS










−−
−−
=
103
020
301
2
1
yyS     










−=
100
020
001
zzS  
 
This definition adds six extra operators while only five are required to make a 
complete set of nine. We therefore have an over-complete set. However, it can be 
seen that  
0=++ zzyyxx SSS  
which means that there are only nine independent operators. It can be also checked 
that they form an orthogonal set but they are not normalized.  
0=jiSTrS       for ji ≠  
2=jiSTrS       for ji =  
0=klijSTrS       for klij ≠  
2/9=ijijSTrS    
6=iiiiSTrS  
 
We can define a new set of operators iΩ related to the operators iS and ijS that will 
also form a complete set and for which  
3=ΩΩ jiTr  
Explicitly, this new set of nine operators is as follows:  
I=Ω0   
xS2
3
1 =Ω    yS2
3
2 =Ω    zS2
3
3 =Ω ; 
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xyS3
2
4 =Ω    xxS3
2
5 =Ω   xxS3
2
6 =Ω  
)(
6
1
7 yyxx SS −=Ω   zzS2
1
8 =Ω  
 
If, as for spin-1/2 particles, we chose the z axis to be along the quantization axis, then 
the density matrix is given by 










++
=
−
+
−+ N
N
N
NNN
00
00
00
1
0
0
ρ  
Using this matrix, we can calculate that 










++
=










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







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−
+
−+
−
+
−+ N
N
NNN
N
N
N
NNN
Sz
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00
1
100
000
001
00
00
00
1
0
0
0
ρ  
Thus 
−+
−+
++
−
==≡
NNN
NNSTrSp zzZ
0
ρ  
 
Likewise, we can see that  










−
++
=










−
−










++
=
−
+
−+
−
+
−+ N
N
N
NNN
N
N
N
NNN
Szz
00
020
00
1
100
020
001
00
00
00
1
0
0
0
0
ρ  
 
and thus 
−+
−+
++
−+
==≡
NNN
NNNSTrSp zzzzZZ
0
02ρ  
We can also calculate that  
ZZyyYYxxXX pSpSp 2
1
−=≡=≡  
and therefore 
0=++ ZZYYXX ppp  
In general, the description of the state of polarization of spin-1 beam, which does not 
have an axis of symmetry, may require all three vector components and five 
independent tensor components. It should be also noted that expectation values of 
the various operators are bound by the limits ±1 for the vector polarization, ±3/2 for 
ijp components with ji ≠ , and +1 to -2 for iip components. 
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Some basic definitions 
Conjugate matrix. If ija  are the elements of matrix A ( ][ ijaA = ) then ][* ijbA = is called 
a conjugate matrix of A if *ijij ab = , where 
*
ija is the complex conjugate of ija . 
Transpose matrix. If ija  are the elements of matrix A ( ][ ijaA = ) then ][ ijT bA =  is 
called a transpose matrix of A if bij = aji. 
The conjugate transpose matrix. If ][ ijaA =  then ][ ijbA =+  is called its conjugate 
transpose if *jiij ab = . 
The inverse matrix. A matrix 1−A is an inverse of a square matrix ][ ijaA =  if IAA =−1 , 
where I is the unit (the identity) matrix.  
The unitary matrix. A square matrix A  is called unitary if IAAAA == ++ , where I is 
the unit (the identity) matrix. For a unitary matrix +− = AA 1 . 
The orthogonal matrix. Matrix A  is orthogonal if IAAT = .  
 
A unitary orthogonal matrix is made of a set of orthogonal unit vectors. For instance, 
in the case we have considered in this Appendix, the matrix U is made of two two-
dimensional vectors: 
)sin,(cos εε=a  
)cos,sin( εε−=b

 
It is easy to see that these vectors are not only orthogonal but also normalised to 
unity, i.e. that 1=⋅=⋅ bbaa


and 0=⋅ba


. Thus, matrix U is both orthogonal and 
unitary. 
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Appendix G 
Polarized ion sources 
 
The two main types of polarized ion sources are the atomic-beam and the Lamb-shift 
varieties. Excellent introduction to these experimental devices may be found in an 
article by Haeberli (1967) but their components and performance were also 
discussed in numerous other publications. Below, I am presenting their simplified 
description.  
The atomic beam polarized ion sources 
Protons 
The conventional polarized ion source is based on the Stern-Gerlach separation of 
atoms belonging to different hyperfine substates. This can be understood with the 
help of Figure G.1 showing the Zeeman effect.  
 
 
Figure G.1. Breit-Rabi energy level diagram of the 1S1/2 hyperfine states of the hydrogen atom in the 
magnetic field. The energy W  is in units W∆ and the magnetic field in cB (the critical magnetic field 
associated with the decoupling of the electron and nuclear moments). For the ground state of the 
hydrogen atom ×=∆ hW 1420.2 MHz (5.8×10-6 eV) and =cB 507 G. It should be noted that for 
weak fields ( 1<<χ ), the proton and electron spins cannot be treated as independent quantities and 
consequently, the hyperfine states have to be labelled using mF projection.  
 
In the hydrogen atom, the electron with spin j = 1/2 (projections mj = ±1/2) couples 
with the proton spin I = 1/2 (projections mI = ±1/2) to form spin F, jIF ˆˆˆ += , which 
gives two values of F (F = 0, 1) with projections mF = 0, ±1. 
In the absence of the magnetic field, the separation between the two substates F is 
×=∆ hW 1420.2 MHz (5.8×10-6 eV) (Nagle, Julian, and Zacharias 1947). When the 
external magnetic field is applied, the substate F = 1 splits into three components, 
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which is known as the Zeeman effect.12 The energy split is described by the Breit-
Rabi formula (Ramsey 1956): 
21
12
41)1(
)12(2
χχχµ +
+
+−++
+
∆
= +
I
mBmg
I
WW FFcFBI  
 where =Ig  -3.04×10-3 and =jg 2.002, which are, respectively, the g-factors of the 
proton and electron in the units of the Bohr magneton =Bµ -0.927×10-20 erg/G. 
The external magnetic field is measured in the units of the so-called critical field Bc 
and expressed in terms of the ratio cBB /=χ , where 
BjI
c gg
WB
µ)( −
∆
=  
which for the hydrogen atom in its ground state is 507 G.  
The basic idea, used in most of the atomic beam polarized ion sources is first to 
reject states 3 and 4 (see Figure G.1) but accept states 1, and 2. This is done by 
following the original idea of the well-known Stern-Gerlach experiment but by using 
improved inhomogeneous magnets. In the original Stern-Gerlach experiment, a 
dipole magnet was used. In polarized ion sources the performance is improved by 
using a sextupole magnet or to a lesser degree by a quadrupole.  
In an inhomogeneous magnetic field, the atom will move to the magnetic field that 
causes a decrease in the energy of its hyperfine substate. Thus, if we look again at 
the Figure G.1 we shall see that the atoms in substates 1 and 2 will move to an area 
where the magnetic field is weak. In contrast, the atoms with substates 3 and 4 will 
move in the direction of strong field.  
In a sextupole (or quadrupole) magnet the gradient of the magnetic field is in the 
radial direction, i.e. it decreases radially towards the centre. This means that the 
atoms with substates 1 and 2 will move towards the centre, whereas the atoms with 
substates 3 and 4 will move away from the centre. Thus, they will be removed from 
the beam and pumped away.  
This beam manipulation results in an atomic beam polarized in the electron spin (mj 
= +1/2) but not in the proton spin (mI = ±1/2).  To polarize the atomic beam in the 
proton spin we have to change the population of the hyperfine states. It is possible, 
for instance to move the atoms in state 2 to state 4 and thus change the combination 
of states 1 and 2 to 1 and 4. For these two states mI = +1/2.  Such transitions 
between states are achieved by applying an RF field.  
Having achieved a desired combination of hyperfine substates, the next step is then 
to ionise the polarized atoms to make them ready for the acceleration. This is done 
in suitably designed ionisers. 
There is, however, a slight complication in this relatively simple process of forming 
proton-polarized hydrogen beams because the degree of proton polarization for 
substates with antiparallel electron and proton spins depends on the external 
                                               
12 An analogous splitting in an electric field is known as the Stark effect, or rarely as Stark-Lo Sturdo 
effect. It was discovered independently in 1913 by German and Italian physicists, Johannes Stark and 
Antonio Lo Sturdo. This effect is used in Lamb-shift sources in combination with the Zeeman effect.  
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magnetic field in the ioniser. This dependence is associated with the precession of 
the electron and proton spins in the weak magnetic field and is shown if Figure G.2.  
 
 
Figure G.2. The dependence of the vector polarization of protons in the hydrogen atom as the 
function of the external magnetic field.  
 
We shall recall (see the Appendix F) that vector polarization pz is given by: 
−+
−+
+
−
=
NN
NNpZ  
where N± is the number of atoms with proton spin projections mI = ±1/2.  
The proton polarization of the atomic beam is an arithmetic average of the 
polarization of its various components. So, for instance, if we apply an RF field and 
move the atoms from the state 2 to 4, and if we follow this process by ionisation in a 
weak magnetic field then we shall have atoms in state 1 with the net polarization zp = 
1 and in state 4 with polarization ≈zp 0. If we assume that we have the same 
number of hydrogen atoms in states 1 and 4, then the resulting average vector 
polarization for such a beam will be  
≈zp 0.5 (states 1 and 4 in the weak field) 
However, if we ionise the hydrogen atoms in a strong magnetic field then the 
average polarization will be   
≈zp 1.0 (states 1 and 4 in the strong field) 
It should be noted that beam polarization can be created in a weak field without the 
use of the RF transition. If we look again at the Figure G.2 we shall see that if we use 
the hydrogen atoms in substates 1 and 2 (as they emerge from the sextupole 
magnet) and if we assume that the population of these two substates is the same, 
then the net polarization created in the weak magnetic field will be 
≈zp 0.5 (states 1 and 2 in the weak field) 
Such weak-field devices were used in the late 1950s and early 1960s but they were 
not successful because of the low beam intensities they produced.  
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A simplified schematic diagram of a conventional (atomic-beam) polarized ion source 
is shown in Figure G.3 
 
 
 
Figure G.3. A simplified schematic diagram showing the major components of the atomic beam 
polarized ion source. Atomic Beam – The atomic beam formation; 6-pole Magnet – An 
inhomogeneous magnet, sextupole or quadrupole. RF Transition – An RF unit to change the 
population of the hyperfine substates; Ioniser – A device used to convert the neutral atomic beam with 
polarized protons to negatively or positively charged ions; Rotation – A device used to change the 
orientation of the polarization axis.  
 
Deuterons 
For the deuterium atoms, the principles are the same but now I = 1, mI = 0, ±1, F = 
1/2, 3/2, and mF = ±1/2, ±3/2. Consequently, we have three, rather than two, 
hyperfine substates in each branch. We also have a possibility of creating a beam 
with vector and tensor polarization.  
The Breit-Rabi diagram for the deuterium atoms is presented in Figure G.4 and the 
corresponding vector and tensor polarizations for various hyperfine components in 
Figure G.5. In the absence of the external magnetic field ×=∆ hW 327.4 MHz 
(1.4×10-6 eV). The critical magnetic field =cB 117 G. 
 
 
Figure G.4. The Breit-Rabi energy level diagram of the deuterium atom in the magnetic field. For the 
ground state of the deuterium atom ×=∆ hW 327.4 MHz (1.4 ×10-6 eV) and =cB 507 G. 
 
After leaving the inhomogeneous magnetic field, the beam of the deuterium atoms 
will be composed of 1, 2, and 3 substates. Again, the polarization of their nuclei 
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(deuterons) can be achieved by a selective transfer between the desired substates 
with the use of RF fields.  
 
Figure G.5. The dependence of the vector and tensor polarizations of protons in the deuterium atom 
as the function of the external magnetic field.  
 
Table G.1 
Examples of the RF transitions the resulting beam polarizations 
 a b c d e f g 
Strong 
Field 
  2 ↔6 
3 ↔5 
3 ↔5 3 ↔5 2 ↔6 2 ↔6 
Weak 
Field 
 1 ↔4   1 ↔4 
2 ↔3 
5 ↔6 
 1 ↔4 
3 ↔2 
6 ↔5 
Substates 1+2+3 2+3+4 1+5+6 1+2+5 3+4+6 1+3+6 2+4+5 
mI +1,0,-1 0,-1,-1 +1,0,+1 +1,0,0 -1,-1,+1 +1,-1,+1 0,-1,0 
pz 0 3/2−  3/2+  31+  31−  31+  31−  
pzz 0 0 0 1−  1+  1+  1−  
10t  0 32−  32+  61+  61−  61+  61−  
20t  0 0 0 21−  21+  21+  21−  
Weak and strong field refer to the magnetic fields used for the RF transitions. The ionisation is 
performed in a strong magnetic field. The relation between Cartesian and spherical polarizations are 
(see Chapter 15): zpt
2/1
10 )2/3(= and zzpt
2/1
20 2
−= .  
 
As in the case of hydrogen beams, polarization can be also created without the use 
of RF fields but just by using the states 1,2, and 3 as they emerge from the 
inhomogeneous magnet.  
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We can recall (see the Appendix F) that for deuterons, vector pz and tensor pzz 
polarization are given by: 
−+
−+
++
−
=
NNN
NNpZ
0
 
−+
−+
++
−+
=
NNN
NNNpZZ
0
02  
where +N , −N , and 0N are the number of deuterium atoms with their nuclear 
(deuteron) spin projections mI = 1, -1, and 0, respectively.  
If we now examine the Figure G.5, we shall see that in the weak field: 
≈zp  1/3 (states 1, 2, and 3 in the weak field) 
    ≈zzp -1/3 (states 1, 2, and 3 in the weak field)  
In practice combinations of RF transitions are used to create desired deuteron 
polarizations. A few examples are listed in Table G.1. 
 
The Lamb-shift polarized ion sources 
As described earlier, the key procedure in creating a polarized beam is to select 
suitable hyperfine states of the hydrogen or deuterium atoms. The same applies to 
the Lamb-shift sources except that the atoms are now in their excited states and the 
selection of suitable hyperfine states is done in a different way. 
Figure G.6 shows the energy diagram of the hydrogen atom for the principal 
quantum number n = 2 for which there are three states 2P1/2, 2P3/2, and 2S1/2. Figure 
G.6 shows only the two states, 2P1/2 and 2S1/2. The 2P3/2 state is 10,968 MHz above 
the 2P1/2 and normally is not included in the mechanism of creating polarized beams.  
The 2P1/2 and 2S1/2 states are separated by 1058 MHz (4.4×10-6 eV), known as the 
Lamb-shift (Lamb and Retherford 1950). The state 2P1/2 decays rapidly by emitting 
intense radiation in a discrete Lyman α line (1216 Å). Its lifetime is only 1.6 ×10-9 s. 
In contrast, the 2S1/2 state decays slowly by emitting radiation over a broad 
continuum and its lifetime is around 0.14 s.  
The basic idea of creating polarized ion beams using a Lamb-shift source is 
explained in the caption to Figure G.6. A schematic diagram of a Lamb-shift source 
is shown in Figure G.7.  
The metastate hydrogen atoms can be produced by capturing electrons to a 
metastate orbit. This can be achieved by first producing H+ ions and then passing 
them through a charge donor, such as cesium gas. The H(2S) source will produce 
not only the metastate hydrogen atoms but also the ground state H(1S) hydrogen as 
well as H+ and H- particles. In fact, the cross section for producing the metastate 
hydrogen is small so most of the output will be made of the H(1S) atoms. The 
charged particles H+ and H- can be removed by magnetic fields before passing the 
beam to the spin filter but the background made of the H(1S) hydrogen will remain.  
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Figure G.6. The energy-level diagram for the n = 2 excited states of the hydrogen atom. The 2P3/2 
state, which is 10,968 MHz above the 2P1/2 state and which is not used in the Lamb-shift polarization 
mechanism is not shown. The short-lived 2P1/2 and metastable 2S1/2 states are separated by 1058.0 
MHz (= 4.4×10-6 eV), known as the Lamb-shift. The idea behind the Lamb-shift polarized ion sources 
is to remove the components β- and β+ by mixing them with the short-lived components e- and e+ 
components and then to remove one of the α components by forcing it to decay to one of the e 
components. This operation leaves α+ or α- each containing aligned proton spins. The basic idea for 
the deuteron polarization is the same but the number of hyperfine levels in each branch is then 
increased to three. In this diagram, labels α, β, e, and f refer to different orientations of the electron 
spin (mj = +1/2, -1/2, +1/2, and -1/2, respectively) and the subscripts + and - to different orientations of 
the proton spin (mI = +1/2 and -1/2, respectively). 
 
 
Figure G.7. Schematic diagram showing the major components of the Lamb-shift polarized ion 
source. H(2S) Source – a source of the metastable hydrogen (of deuterium) atoms; Spin Filter – a 
system of fine-tuned static magnetic, electric, and RF fields producing hydrogen (or deuterium) atoms 
with aligned nuclear spins; Ioniser – a selective ioniser producing positive or negative hydrogen (or 
deuterium) projectiles; Rotation – spin rotation unit.  
 
The spin filter contains all the necessary units for creating a hydrogen beam with 
aligned nuclei. As outlined in the caption to Figure G.6, the first step is to remove the 
metastable components β from the atomic beam. If the magnetic field in the direction 
of the beam is chosen to have a value of 535 or 605 G (see Figure G.8), and if in 
addition, a perpendicular electric field is applied then states β are mixed with states e  
and are forced to decay to the ground state. This process is described as quenching.  
Quenching leaves the substates α, which have only one projection of the electron 
spin, mj =+1/2, but two components of the proton spin, mI = ±1/2. As can be seen in 
Figure G.8, the substates α+ and α− are separated by about 1600 MHz from the 
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states e+ and e- if the external magnetic field is 535 or 605 G. Consequently, if in 
addition to the external magnetic and electric fields we apply an RF field with the 
frequency of around 1600 MHz we shall be able to force the state α+ or α− to decay 
leaving one component α+ or α− containing positively or negatively polarized protons.       
 
 
Figure G.8. Level diagram for the hydrogen atoms in the magnetic field illustrating the mechanism of 
producing polarized beams. The diagram for deuterium is similar but with each branch containing 
three substates corresponding to mI = 0, ±1. As in Figure G.6, groups labelled α, β, e, and f are for the 
electron spin orientations mj = +1/2, -1/2, +1/2, and -1/2, respectively, and the subscripts + and – for 
the orientations of the proton spin (mI = +1/2 and -1/2, respectively). 
 
The atomic beam with aligned protons still contains the unpolarized H(1S) atoms. To 
remove them, the output of the spin filter is then passed to a selective ioniser. The 
charge-exchange medium for the ioniser can be made of argon or other suitable gas. 
The ioniser removes the unwanted H(1S) atoms and produces H+ or H- ions (which 
are now polarized) to suit the type of the particle accelerator used in the 
experimental work.  
The previously discusses dependence of the beam polarization on the magnetic field 
in the ioniser (Figures G.2 and G.5) also applies to the Lamb-shift source. However, 
decoupling of the electron and nuclear spins occurs at lower magnetic fields.  The 
critical magnetic field for the metastate hydrogen or deuterium atoms is low (Bc = 
63.4 G for the hydrogen and 14.6 G for deuterium, as compared to 507 G and 117 G 
respectively for the ground state).  So, if a strong field ioniser is used, the produced 
polarization will be close to +1 or -1 for the α+ or α− substates, respectively.   
After passing a selective ioniser, the polarized beam is suitable for the acceleration. 
A spin rotation device may be also added to manipulate the direction of the 
polarization. 
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Appendix H 
Selected nuclear spin structures and the extreme values of the analyzing 
powers  
 
The 0
2
1
2
11 +→+


 spin structure13 
An example of this spin structure is the reaction the 3He ),( pd

4He reaction (Chapter 
19). 
The initial state is made of projectiles with spin-1 and the target nucleus with spin-1/2. 
It is therefore a direct product of spin-1 and spin-1/2 space and thus, the spin 
function of any initial state can be described in terms of a six-component vector. The 
initial spin state can be expressed as 
j
j
ji a φχ ∑
=
=
6
1
 
where jφ is a product of various combinations of spin functions of spin-1 and spin-1/2 
of interacting nuclei. Explicitly 
2
1
2
1111 χχφ =   
2
1
2
1102 χχφ =  
2
1
2
1113 χχφ −=  
2
1
2
1114
−
= χχφ  
2
1
2
1105
−
= χχφ  
2
1
2
1116
−
−= χχφ   
where 
M1χ  are the eigenfunctions of the spin-1 operator Sz and M
2
1χ are the 
eigenfunctions of the spin-1/2 operator σz. 
The final sate consists of spin-1/2 and spin-0 particles, so it can be expressed as 
j
j
jfi a φχ ′= ∑
=
2
1
 
2
1
2
11 χφ =′ and 
2
1
2
12
−
=′ χφ . 
The scattering amplitude represented by matrix M (Wolfenstein 1956) relates the 
initial and final states,  
k
k
jkj aMb ∑=   2,1=j  6,...,1=k  
or  
                                               
13 See Gammel, Keaton, and Ohlsen (1970), and Ohlsen (1972) 
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The 6x6 and 2x2 density matrices that describe the initial and final states are 
defined, respectively, for an ensemble of N particles as 
*)(
1
)(1)( nk
N
n
n
jjki aaN ∑−
=ρ   6,...,1, =kj  
*)(
1
)(1)( nk
N
n
n
jjkf bbN ∑−
=ρ   2,1, =kj  
As mentioned earlier, the initial and finial channels are related via the scattering 
matrix M  
if Mχχ =  
+= MM if ρρ  
The density matrix for the initial state can be expanded in terms of products of spin-1 
and spin-1/2 operators. If we use the notations I=0σ (the unit matrix), σ1 = σx, σ2 = 
σy, and σ3 = σz , for the Pauli spin operators, and the normalized spin-1 operators iΩ  
(see the Appendix F) we can write 
kjk
jk
ji p σωρ Ω= ∑6
1   8,...,1,0=j   3,2,1,0=k  
 
In this expression, jω and kp are the expectation values of the operators jΩ  (for spin-
1 particles) and kσ  (for spin-1/2 particles), respectively, i.e. jj Ω=ω and kkp σ= .  
For the spin structure considered here, only spin-1 particles are polarized in the 
entrance channel; spin-1/2 particles are not. Consequently, 0=kp  for k=1, 2, 3 and 
only 10 =p . In this case the expression for the density matrix in the entrance channel 
can be simplified: 
j
j
j
j
jji I Ω=Ω= ∑∑ ωωρ 6
1
6
1  
The I is the unity matrix and therefore can be suppressed.  
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Figure H.1. The definition of angles β and ϕ. 
 
If ρi is normalized to unity, the differential cross section for spin-1/2 particles in the 
exit channel is given by: 
)(
6
1)(
6
1),( ++ Ω=Ω== ∑∑ MMTrIMMTrTr j
j
jj
j
jf ωωρϕθσ  
where θ is the scattering angle (i.e. the angle between ink

and outk

) and ϕ is the 
angle of projection of the quantization axis on the x-y plane (see Figure H.1).  
For an unpolarized beam 
Ii 6
1
=ρ   
and  
)(
6
1)(
6
1)(),( 0
++ ==≡ MMTrMIMTrθσϕθσ  
 
We can therefore write 
+
+∑ Ω
=
TrMM
MMTr
j
jj )(
)(),( 0
ω
θσϕθσ  
The polarization of spin-1/2 particles in the outgoing channel is given by  
∑
∑
+
′
+
′
′′ Ω
Ω
==≡
j
jj
j
kjj
f
kf
kk MMTr
MMTr
Tr
Tr
p
)(
)(
)(
ω
σω
ρ
σρ
σ  
which can be rewritten as 
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








 Ω
= +
′
+
′
∑
TrMM
MMTr
p j
kjj
k
)(
)(),( 0
σω
θσϕθσ  
Rotation from the spin-symmetry system of reference, where the polarization of spin-
1 particles is described by just two quantities pZ and pZZ, to the projectile helicity 
system of reference as shown in Figure H.1, introduces new polarization 
components, which are related to angles β and ϕ.  
ϕβ sinsinZx pp −=  
ϕβ cossinZy pp =  
βcosZz pp =  
)1sinsin3(
2
1 22 −= ϕβZZxx pp  
)1cossin3(
2
1 22 −= ϕβZZyy pp  
)1cos3(
2
1 2 −= βZZzz pp  
ϕϕβ sincossin
2
3 2
ZZxy pp −=  
ϕββ coscossin
2
3
ZZyz pp =  
ϕββ sincossin
2
3
ZZxz pp −=  
xzzx pp =  and yzzy pp =  
 
It is easy to see that  
ϕβ 2cossin
2
3 2
ZZyyxx ppp −=−  
In terms of these components 






++= ∑ ∑
j jk
jkjkjj ApAp )(3
1)(
2
31)(),( 0 θθθσϕθσ  






++= ∑ ∑ ′′′′
j jk
l
jkjk
l
jjll KpKpPp 3
1
2
3)()(),( 0 θθσϕθσ   
where j = x, y, z and jk are all combinations of x, y, z. 
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The observables are the already mentioned polarization lp ′ of the outgoing spin-1/2 
particle (induced by polarized incident beam) as well as )(θjA , )(θjkA , )(θlP ′ , )(θljK
′ , 
)(θljkK
′ . They are defined by the following expressions. 
Analyzing powers: 
)(
)(
)( +
+
≡
MMTr
MMSTr
A jj θ  
)(
)(
)( +
+
≡
MMTr
MMSTr
A jkjk θ  
Outgoing polarization for unpolarized incident beam: 
)(
)()( +
′
+
≡
MMTr
MMTrP ll
σθ

 
Polarization transfer coefficients: 
 
)(
)(
)( +
′
+
′ ≡
MMTr
MMSTr
K ljlj
σ
θ  
)(
)(
)( +
′
+
′ ≡
MMTr
MMSTr
K ljkljk
σ
θ  
The M-matrix elements are often written in terms of their expansion coefficients. For 
instance, the 6x2 M-matrix can be written as 
zzxzzxxxyyy FEDCBIAM σχσχσχσχσχχ
++++++ +++++=  
where A, B, …, F are coefficients, which depend on the nature of the investigated 
reaction, I is the unit matrix, iχ  are a complete set of spinors in 3x1 space (see 
below) and iσ are the 2x2 Pauli spin operators. 









−
=
1
0
1
2
1
xχ  










=
1
0
1
2
i
yχ  










=
0
1
0
zχ  
[ ]101
2
1
−=+xχ   [ ]1012
i
y
−
=+χ   [ ]010
2
1
=+zχ  
It is straightforward to show that in terms of the amplitudes A, B, …, F, the M-matrix 
has the following form:  






−−−++−
+−−−+−−
=
DiAFDiACBECB
CBECBDiAFDiAM
22
22
2
1  
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In turn, we can also express the analyzing powers yA and yyA  in terms of these 
amplitudes and find conditions when yA and/or yyA  reach their extreme values. Thus, 
for instance, if we use the expression 
)(
)(
+
+
=
MMTr
MMSTr
A yyyy  
 
we shall find that 1=yyA  if A=B=0 (cf Seiler at al. 1976a). 
In this case, the M-matrix has the form 






−−−
−−
=
DFDCEC
CECDFDM
22
22
2
1  
Likewise, we can calculate  
)(
)(
+
+
=
MMTr
MMSTr
A yy  
and find that 1±=yA  if not only A=B=0 but also iEC = and iFD = . 
It is therefore clear that if 1=yA  then yyA  should also have its extreme value of 1 at 
the same energy and angle because both have to satisfy the same condition of 
A=B=0. However, if 1=yyA , yA  may or may not reach its extreme value of 1. If it 
does, the maximum should occur at the same energy and angle as 1=yyA . However, 
if the M-matrix does not satisfy the two additional requirements of iEC ±= and 
iFD ±= then yA  will not reach its extreme value of 1 even if yyA does. The full list of 
the observables, which can be used to check experimentally whether the conditions 
A=B=0, iEC ±= , and iFD ±= are satisfied is given by Seiler at al. (1976a).  
The 0011 +=+

spin structure 
An example of this spin structure is the 6Li ),( αd

4He reaction (Chapter 20). 
To find the conditions for the M-matrix elements, which lead to the extreme values of 
the yA and yyA components of the analyzing powers we follow a similar procedure as 
outlined above. In terms of the expansion coefficients, the M-matrix for this system 
can be written as (Seiler at al. 1976b): 










−−+
−−
+−
−=
EAFEA
HKH
EAFEA
M
2
222
2
2
1  
If we use this expression and if we carry out the calculations using the general 
expressions for yA and yyA , i.e.  
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)(
)(
+
+
=
MMTr
MMSTr
A yy  and )(
)(
+
+
=
MMTr
MMSTr
A yyyy  
we shall find that 1=yA  if 0=A , iEH ±= , and iFK ±= . In contrast, 1=yyA  if only 
one condition is satisfied, i.e. if 0=A . 
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Appendix I 
Analytic determination of the extreme Ayy points 
 
As an example of the analytic determination of the locations for the extreme values 
of the analyzing powers I use a study of the d-α scattering (Grüebler et al. 1975b). 
The M-matrix for the d-α scattering can be written as  










−
−=
−
−
111011
010001
111011
),(
MMM
MMM
MMM
EM d θ     (1) 
where the subscripts ij are the deuteron spin projections in the incident and outgoing 
channels. 
The elements of this matrix depend on the energy of the incident deuterons Ed and 
on the reaction angle θ. They can be calculated using experimentally determined 
phase shifts.  
As shown in the Appendix H, tensor analyzing powers ijA can be expressed in terms 
of the M-matrix: 
)(
)(
+
+
=
MMTr
MMSTr
A ijij      
 (2) 
The idea of the analytic determination of the extreme values of the analyzing powers 
is as follows: (a) use the experimentally determined phase-shifts to calculate the 
relevant matrix elements; (b) use the theoretically established relation between the 
elements of the M-matrix, which have to be satisfied for the extreme maxima to 
occur (see the Appendix H); (c) study the behaviour of the calculated elements to 
see at what points (in energy and angle) the theoretically postulated relationship 
between the matrix elements is satisfied.  
Using the relation (2) and the matrix (1) we can find that for the 0101 +→+

spin 
structure, 1=yyA if  
0),(),(),( 1111 =+= − θθθ ddd EMEMEf  
Step-by-step numerical calculations can be carried out to locate the 
0),( =θdEf points. 
The function 0),( =θdEf  if both its real and imaginary components are equal zero. 
Figure I1 shows the plots of )Re( 1111 −+ MM versus )Im( 1111 −+ MM with the matrix 
elements 11M and 11−M calculated using the phase shift parameters determined by 
Grüebler at al.(1975a).  
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An alternative way is to calculate the )Re( 1111 −+ MM  and )Im( 1111 −+ MM  components 
for various energies and angles but now to identify the ),( θdE  points where 
either 0)Re( 1111 =+ −MM   or 0)Im( 1111 =+ −MM and plot them. Such a plot is shown in 
Figure I2. The points where the lines corresponding to 0)Re( 1111 =+ −MM  and 
0)Im( 1111 =+ −MM cross over are the points where 1=yyA      
 
Figure I1. The trajectories of the sum of the M11 and M1-1 components of the M-matrix calculated using 
the experimentally determined phase shifts for the d-α reaction.  This figure shows that for the 
incident energy of between 4.30 and 5.30 MeV, the trajectories move twice over the point of origin of 
the coordinate axis. This passes indicates that in this region of energies there should be two points, at 
around 600 and 1200, where 1=yyA . 
 
Figure I2. Contour plot of 0)Re( 1111 =+ −MM  and 0)Im( 1111 =+ −MM . The 1=yyA points should 
be located where the contour of 0)Re( 1111 =+ −MM  crosses over the contours of 
0)Im( 1111 =+ −MM . The figure shows that there should be two 1=yyA points close to 5 MeV and 
one at around 12.5 MeV.  
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Appendix J 
Phase shift analysis 
The concept of phase shift analysis of experimental data can be easily understood 
by considering the elastic scattering. The differential cross section for the elastic 
scattering can be written as (Condon and Shortley 1935): 
2)()( θθσ f=  
where )(θf is a complex function, which can be written as 
( ) )(1)12()( 0,2
0
2 θπθ δ l
i
l
Yelif l−+= ∑
∞
=
                  (1) 
In this expression, is the deBroglie wavelength divided by 2π, 
k
1
2
==
π
λ
  
)(0, θlY are the well-known normalized spherical harmonics as defined by Condon and 
Shortley (1935), and lδ are phase shift parameters.  
It should be noticed that in the expression (1) the only physical quantities, which are 
associated with nuclear interaction, are the phase shift parameters lδ . The 
remaining quantities are purely mathematical, with the exception of  . However, this 
quantity is not related to the details of nuclear interaction but only to the energy of 
the incoming particles.  
Phase shift analysis consists in fitting experimental angular distributions with the aim 
of extracting the experimentally determined parameters lδ .  
In a more general case of nuclear reactions, which may or may not include elastic 
scattering, the aim is the same. The general idea is to express the scattering matrix 
in terms of the phase shift parameters and analyse experimental observables to 
determine the best values for these parameters. Phase shift parameters, which now 
define the scattering matrix, can then be used to calculate other observables in the 
way described in the Appendices H and I. In this brief summary, I follow the original 
notation of Blatt and Biedenharn (1952) who use letter S for the scattering matrix. 
Let us consider a general process where two particles collide and two emerge: 
bYXa +=+  
We can use labels α, s, and l  to identify the channel before the collision. They are 
the channel index, channel spin, and channel angular momentum, respectively. The 
state after the collision is labelled using α', s', and l′ . 
The channel spin s is made of the intrinsic spin i  of the incoming particle a and the 
spin I of the target nucleus X ( Iis ˆˆˆ += ). For instance, for the n-p scattering, 
2/1== Ii  and s has two values, 1 (triplet state scattering) and 0 (singlet state 
scattering). 
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We also define the total angular momentum of the system as lsJ ˆˆˆ += . J is preserved 
during the collision, i.e. lsJ ′+′= ˆˆˆ . For resonance reactions, J is the angular 
momentum of the compound nucleus.  
Now we introduce the scattering matrix (scattering amplitude or collision matrix), 
which connects channels lsα and sl ′′′α . We write it as 
J
sllsS ′′′αα ;  
The formal definition of the scattering matrix is related to the wave function 
)(JMsαΨ in the channel s,α  with total angular momentum quantum numbers JM . At 
sufficiently large distance r , the function )(JMsαΨ can be expressed as a 
superposition of an incoming spherical wave with the amplitude JMslAα  and an 
outgoing spherical wave with the amplitude JMslBα .  
)(1)( ru
r
JM as
M
Jlss α
αα
α υ
Φℑ=Ψ  
where αυ is the relative velocity, 
∑∑
−=−=
=ℑ
s
sm
msmlsl
l
lm
M
Jls
s
sl
l
YlsJMmlsm ,, ),()|( χφθ  
)|( lsJMmlsm sl are Clebsch-Gordan coefficients, lmlY , are the spherical harmonics, 
sms ,
χ spin function for spin s and z components ms, 
Xas φφα =Φ  
with aφ and Xφ being the wave function of a and X, )(ruα is the radial wave function: 











 −+−










 −−= ππ ααααααα lrkiBlrkiAru
JM
sl
JM
sl 2
1exp
2
1exp)(  
and kα is the channel wave number 
The scattering matrix is defined by the following equation: 
JM
sl
ls
J
slls
JM
ls ASB α
α
ααα ∑ ′′′′′′ =
,,
;  
The physical interpretation of the scattering matrix is that its elements determine the 
flux in each of the exit channels.  For a reaction with N channels, S is an 
NN × matrix.   
For instance, for the n-p scattering, assuming that J = 1 with even parity, we can 
have only two combinations of s and l , s = 1 and l  = 0, and s = 1 and l  = 2, which 
give the required J value. Using the notation J
s l12 +  we have two possibilities 1
3S  for l 
= 0 and 1
3D for l = 2. The same applies to the exit channel. Consequently, we can 
have the following channels: 1
3
1
3 SS → , 1
3
1
3 DS → , 1
3
1
3 SD → , 1
3
1
3 DD → . We therefore have 
a 2 x 2 scattering matrix. Its elements will give the probability of flux in each of the 
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four respective channels, i.e. the matrix will describe how probable is each of the 
four possible transitions.   
The scattering matrix S can be written as  
UiUS )2exp(1 ∆= −               (2) 
where U is an orthogonal (unitary and real) NN × matrix and ∆ is a diagonal matrix, 
whose elements are the eigen phase shifts.  
The matrix U is specified by )1(
2
1
−NN  real parameters and ∆ by N real eigen-phase 
shifts. Together the collision matrix S is specified by )1(
2
1
+NN real parameters.  
For a two-channel reaction, N = 2 and the total number of independent real 
parameters is 3. In this case, the matrices U and ∆ have the following forms   






−
=
εε
εε
cossin
sincos
U  and  


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

=∆
2
1
0
0
δ
δ
 
Therefore 






−
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
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
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εε
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2
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i
i
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which gives 
 










+−
−+
=
2121
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222222
222222
)(cos)(sin))(2sin(
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2
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S  
The three real parameters are the two eigen phase shifts 1δ and 2δ , and the mixing 
(coupling) parameter ε. The parameter ε describes mixing between allowed 
configurations. If the coupling between the two configurations is zero (ε = 0), the off 
diagonal elements of the matrix S vanish and the matrix is then given by 






=
2
1
2
2
0
0
δ
δ
i
i
e
eS  
 
Generally, for s =1 and any given J, we have two radial wave functions 
corresponding to 1−= Jl  and 1+= Jl : 
( )









 −−+−









 −−−= ππ )1(
2
1exp1
2
1exp)( 111 JkriBJkriAru  
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( )









 +−+−









 +−−= ππ )1(
2
1exp1
2
1exp)( 222 JkriBJkriAru  
The relation between the amplitudes A1 and A2 for the incoming waves, and the 
amplitudes B1 and B2 for the outgoing waves is given by: 
Sab =  
where b is the column vector with components B1 and B2, a is the column vector with 
components A1 and A2 and S is the 2 x 2 scattering matrix. 
Explicitly, 
















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=
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


2
1
222222
222222
2
1
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)(cos)(sin))(2sin(
2
1
))(2(sin
2
1)(sin)(cos
A
A
eeee
eeee
B
B
iiii
iiii
δδδδ
δδδδ
εεε
εεε
 
 
In particular, for the example considered earlier, i.e. for J = s = 1, )0(1 =≡ lBB , 
)2(2 =≡ lBB , )0(1 =≡ lAA  and )2(2 =≡ lAA . 
Once the phase shifts are determined from an analysis of a certain set of 
experimental data, the scattering matrix S can be used to calculate (predict) other 
observables.  
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Appendix K 
Reorientation effect in Coulomb excitation 
Coulomb excitation is discussed extensively by Alder et al. (1956) and Alder and 
Winther (1975). Reorientation effects were first discussed by De Boer and Eichler 
(1968). 
First-order perturbation theory 
The process of Coulomb excitation is illustrated schematically in Figure K.1. 
 
Figure K.1. Schematic diagram of Coulomb excitation. On the left-hand side, the deformed projectile 
is excited in the electric field of the spherical target nucleus. The arrows indicate the acting force. 
They cause rotation as shown in the figure. On the right-hand side, one can see the corresponding 
first order (direct) excitation of the projectile from state i to f and the subsequent deexcitation by 
emission of γ-ray.   
 
The differential cross section for Coulomb excitation is given by: 
f
R
P
d
d
d
d






Ω
=
Ω
σσ  
where Rdd )/( Ωσ  is the Rutherford scattering cross section and fP is the probability 
to excite the final state f  from the initial state i . 
In the first-order perturbation theory, the electromagnetic interaction between the 
projectile and the target nucleus is described by the time-dependent interaction 
potential ))(( trV  . The excitation amplitude is given by: 
dtitrVfe
i
a tifi fi∫
∞
∞−
→ = ))((
1 

ω  
where  

if
fi
EE −
=ω  
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iE and fE are the energies of the initial and final states. 
The Coulomb excitation probability is then given by: 
2
fif aP →=  
To evaluate the matrix element itrVf ))((

, ))(( trV   is expanded into a multipole 
series. With the multipole expansion of the electrostatic part of ))(( trV  , the total 
Coulomb excitation cross section for the electric excitation of the order Eλ  is given 
by 
)()(220
2
ξλ
υ
σ λ
λ
λ E
t
E fEBa
eZ +−




=

 
where υ is the relative velocity at large distances, 0a is half the distance of closest 
approach in a head-on collision, B(Eλ) is the reduced transition probability 
associated with a radiative transition of multipole order Eλ, )(ξλEf  the total cross 
section function (Alder et al. 1956; Alder and Winther 1956), and ξ the adiabaticity 
parameter.   
( ) Θ
+
= ∫∑ dIYfE )2/(sin
)2/cos(),(0,2/
)12(
16)( 3
0
2
3
3
θ
θξθπ
λ
πξ
π
λµ
µ
λµλ  
where ),( ΦθλµY are the normalized spherical harmonics and ),( ξθλµI are given by 
dw
w
wiweI wwi µλ
µ
εξ
λµ ε
εεξθ +
∞
∞−
+
+
−++
×= ∫ ]1)cosh([
)]sinh()1()[cosh(),(
2/12
))sinh((  
The cross section for the excitation by the magnetic field is given by  
)()(220
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ξλσ λ
λ
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t
M fMBac
eZ +−
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with 
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µλλ dIYfM )2/(sin
)2/cos()2/(cot),(
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0
,12
222
,12
3
Θ
+
−+
+
= ∫∑ ++  
It might be interesting to point out that the ratio λλ σσ EM / is proportional to 
2)/( υc , 
which means that magnetic excitations are suppressed by this factor when 
compared to the electric excitations. 
The probabilities for electromagnetic transitions are defined by (Bohr and Mottelson 
1969): 
22
)(
12
1)();( if
iM
iifffi III
MIMIIIB
f
πλπλµπλ
µ
Μ
+
=Μ=→ ∑  
Symbol π stands for E or M i.e. for the electric or magnetic transitions, I and M in the 
wave functions are the total angular momentum and the magnetic quantum numbers 
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of the initial and final states, )(πλµΜ the multipole operator, and if II )(πλΜ the 
reduced matrix element. The quantity µ gives the angular momentum transfer along 
the beam direction ( fi MM −=µ ). 
In the first order perturbation theory, the cross section is directly proportional to the 
reduced transition probability: 
);( fi IIB →∝ πλσπλ  
Three important parameters in the Coulomb excitation are: (1) the Sommerfeld 
parameter η, (2) the adiabaticity parameter ξ, and (3) the excitation strength 
parameter χ. 
The Sommerfeld parameter is the ratio of the half the distance of closest approach, 
0a , to the de Broglie wave length  . As long as the ratio η >1, there is no direct 
interaction of the two nuclei and a semiclassical approach for the trajectory is valid. 
Usually η >>1. 
The adiabaticity parameterξ describes how swift is the interaction. In order to excite 
a final state f  from the initial state i , the collision time must be shorter or of the 
same order of magnitude as the time of the internal motion of the nucleons. For a 
sufficiently short time of collision, the adiabaticity parameter is small and excitations 
are possible. The excitation probabilities given by the function )(ξλEf  decrease with 
the increasing ξ (see Figure K.2). As the adiabaticity parameter approaches the 
value of 1, the probability of the system to interact becomes smaller. For ξ >1 )(ξλEf  
decreases exponentially with ξ .  
 
Figure K.2. Examples of the )(ξλEf  function for λ = 1, 2, 3, and 4 (Adler and Wither 1975). 
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The excitation strength parameter χ describes the strength of the interaction for 
different multipoles. As the strength increases, higher order perturbation must be 
taken into account.  
The excitation strength parameter χ for a transition of the order πλ from state i  to 
f is defined by  
12
)(
!)!12(
)!1(16
0 +
Μ
+
−
=
i
ift
Ia
II
s
eZ
λπλ
πλ
λ
λπχ

 
where s = υ  for Eλ  excitations and c for Mλ. 
 
Second-order perturbation theory 
The first-order perturbation theory is used to describe direct excitations. Multiple 
excitations, which include also reorientation effects, are described by the second 
order perturbation theory. In this theory, the probability fP of the excitation of state 
f  is made of three components: 
)2()2,1()1(
ffff PPPP ++=  
where )1(fP  is the first order excitation probability written earlier as fP , )2(fP  is the 
second-order term, and )2,1(fP  is the interference term between the first- and second-
order amplitudes. A schematic diagram comparing the first- and second-order 
excitation processes is presented in Figure K.3. 
 
Figure K.3. A schematic diagram comparing the first- and second-order Coulomb excitation 
processes. The left-hand side (a) of the figure shows two excitations of states f directly from the 
state i . The right-hand side (b) of the figure contains two examples of the second-order processes. 
It is assumed that a direct excitation of state f  from state i  is not allowed but state f  can 
excited in a two-step process involving the intermediate state z . This type of excitation is described 
by the second-order excitation probability )2(fP . The excitation of the first excited state z , i.e. the 
transition zi →  , can be also followed by the reorientation transition zz → . This process is 
described by the second-order excitation probability )2,1(fP . 
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The )2(fP  term describes multiple excitations, which is analogous to multiple 
excitations in particle transfer reaction or scattering as discussed in Chapter 17 and 
in the Appendix E. This term becomes significant for transitions, which are either 
weak or cannot take place in single-step excitations. They involve not only the initial 
and final states i  and f  but also an intermediate state z . 
The )2,1(fP term describes reorientation processes. In this case the intermediate state 
is identical with the excited state and transitions are between the magnetic 
substates. 
Explicit expressions for the excitation probabilities from states 0=i are (Alder and 
Winther 1975):  
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∑
∑
 
 
where ),(2 ξθλR , ),( ξθλµR , κλλ kR )( ′ and κλλ kG )( ′ are the relative probabilities for electric 
excitations, normalized orbital integrals, real part of second-order orbital integral 
tensor, and imaginary part of second-order orbital integral tensor, respectively, as 
defined by Alder and Winther (1975).  
It is seen that the last two formulae include summation over contributing λ values 
and that their contributions depend on the product fzz →→ χχ0 of the excitation strength 
parameters and on the adiabaticity parameters 0zξ  and fzξ , all of which involve 
intermediate states z . 
In a particular case of the ++ → 20 excitation (see Figure K.4), which is related to the 
study of reorientation effects in deuteron polarization as discussed in Chapter 16, 
Alder and Winther (1975) show that 
)],1,(1)[,( 2 22
2
2
2)2(
202 ξθχξθχ =+=≡ →→ scRPPf  
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where ),,( ξθ sc is the coefficient of interference between E2 and E2-E2 excitation.  
2/12
2
2/32/1
22
0
2
0
)2(
22 )/1(
474.8
90
712)2(21
515
4
tptp
ppp
AAZZ
QEA
Q
eZ
a
E
a
eZ
+
==Μ=→ υυ
πχ

 
where 2Q is the quadrupole moment in 2410−⋅e cm2 and E is the bombarding energy in 
MeV.  
 
 
Figure K.4. The reorientation excitations involving the 2+ state. 
 
 
 
Figure K.5. The ),( ξθK  function. 
 
It is seen that )2( 22→χ  is proportional to 2Q . Thus, measurements involving 
reorientation process can be used to determine the sign of the quadrupole moment. 
Using the properties of the ),,( ξθ sc  function, the excitation probability P2 can be 
written as (Alder and Winther 1975; De Boer and Eichler 1968): 
)],(1[)1(22 ξθqKPP +=  
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where )1(2P  is the first-order excitation probability,  
 
)/1(
2)2(2
tpt
p
AAZ
EEA
q
+
Μ∆
=  
with 
22 7579.0
1
4
5
2
72)2(2 QQE ==Μ
π
 
and 
),1,(5056.0),( ξθ
ξ
ξθ == scK  
The function ),( ξθK  is shown in Figure K.5. The dependence of the cross section for 
the excitation of 2+ state on the value of the quadrupole moment is shown in Figure 
K.6.  
 
 
 
Figure K.6. Reorientation effect in Coulomb excitation. Differential cross sections calculated using the 
second order perturbation theory. 
 
As in the case discussed in Chapter 16, the effect is weak. However, careful 
measurements can be used to distinguish between prolate and oblate deformation. 
Our study described in Chapter 16 shows that similar distinction between the two 
types of deformations can be made by studying vector polarization of inelastically 
scattered deuterons. 
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Appendix L 
The Faddeev formalism 
The Faddeev formalism describes interaction of three-body systems (Faddeev 
1961a, 1961b, 1962, 1965; Schmid and Ziegelmann 1974). To understand it, I shall 
start with a more familiar two-body formalism. 
Two-nucleon scattering and Lippmann-Schwinger equation 
The Schrödinger equation for the scattering of a particle with reduced mass µ and 
energy E by a potential V can be written as 
            ψψ VKE =− )(                                                    (1) 
where  
                                                     
µ2
2∇
−=
K                                                            (1a)   
is the kinetic energy operator. 
This equation can be rewritten in a different form as (Lippmann and Schwinger 1950; 
Satchler 1983): 
   ψφψ VG0+=                                                    (2) 
This new equation is known as the Lippmann-Schwinger equation or an integral form 
of the Schrödinger equation. 
In the eq. (2), ϕ is the solution of the homogenous equation 
                                                  0)( =− ϕKE   (3) 
and 
εiKE
G
+−
=
1
0   (4) 
is the free-particle Green operator, i.e. the operator for an undisturbed system. The 
parameter ε is introduced to handle the problem of singularity. This is done by 
calculating the limit of the relevant quantities when .0→ε   
As emphasised by Satchler (1983), even though the equation (2) looks like a solution 
of the Schrödinger equation it is in fact only an alternative but more convenient form 
of the equation (1). This can be seen easily by operating (E – K) on the equation (2). 
Assuming that iε is infinitesimally small and thus can be neglected we have 
{ }ψφψ VGKEKE 0)()( +−=−  
ψφψ V
KE
KEKEKE
−
−+−=−
1)()()(  
but 
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0)( =− ϕKE  
and therefore 
ψψ VKE =− )(  
which is the original Schrödinger equation (1). 
A formal solution of the Schrödinger equation can be written as (Satchler 1983): 
φφψ GV+=   (5) 
where  
εiHE
G
+−
=
1
   (6)
   
is the Green function for the Hamiltonian H.  
Using operator algebra, the Green function G for two interacting particles with 
potential V can be decomposed as 
000 VGGGG +=   (7) 
We can also introduce a transition operator t for the potential scattering. We define it 
as 
φψ tV ≡   (8) 
It is an operator that causes a transition of the initial free state to the scattering state 
by means of a potential.  
By multiplying the Lippmann-Schwinger equation by V from left we can easily find 
that 
tVGVt 0+=   (9) 
It is also easy to see that the t operator can be evaluated iteratively as: 
...000000 ++++= VVGVGVGVVGVGVVGVt      (10) 
This can be represented graphically as 
 
In this diagram, each wavy line represents an interaction caused by potential V. In 
between the lines, the particle moves freely as indicated by the free propagator G0. 
The cross section is directly related to the t matrix, which is the matrix element of the 
transition operator in momentum space 
2
)( piEtp
d
d εσ +′∝
Ω
     (11) 
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where 
µµ 22
22 ppE =
′
=  
Three-nucleon scattering and the Faddeev equations 
The formal description of three-nucleon scattering resembles the description of two-
nucleon scattering even though the system is significantly more complex. Interaction 
of a three-body system involves not only two-body but also three-body potentials. 
Many forms of three-body potentials have been proposed but their study is difficult 
because from experimental and theoretical investigation we already know that their 
effects are weak when compared with the effects caused by two-body interaction. 
For most observables, theoretical calculations introduce insignificant differences 
when three-body forces are included. In this description of the Faddeev formalism I 
will therefore assume that the interaction in the three-body system involves only two-
body potentials.  
Some of the quantities used in the description of a three-body system are shown in 
Figure L.1. In order to handle the Schrödinger equation for the three-body 
interaction, Faddeev used the standard Jacobi system of coordinates.  
 
 
Figure L.1. A three-body system showing the labelling of the three particles, the Jacobi coordinates 
and some of the quantities used in respective channels to describe the system. 
 
We have to introduce the following definitions: 
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

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kj
jkkj
i mm
kmkm
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=
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i mmm
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−= ;  
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µ
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kjii mmmM +
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111      (14) 
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i
i
i
i
i
i VM
qpH ++=
22
22
µ
;   
εiHE
G
i
i +−
=
1      (15) 
ir
 and iR

 are as shown if Figure L.1 
K

 – the total momentum of three particles 
ip
 – the relative momentum of particles j and k 
iq
 – the relative momentum of particle i with respect to the centre-of-mass of 
particles j and k 
iV – the interaction potential between particles j and k 
iH – the channel Hamiltonian  
iG – the channel Green function 
The configuration of a bound pair j-k and a free particle i is described by the function  
ii Rqi
iii er


 ⋅=Φ )(φ      (16) 
which is the solution of  
iiii EH Φ=Φ      (17) 
 
where 
e
M
qE
i
i
i += 2
2
 
is the total energy in the centre-of-mass frame and e is the binding energy of .iφ  
We can also define the channel wave function iψ as a solution of the Schrödinger 
equation 
iikji EVVH ψψ =++ )(      (18) 
which can be rewritten as the Lippmann-Schwinger equation for the three-body 
system 
ikjiii VVG ψψ )( ++Φ=      (20) 
and which is similar to the equation (2) for the two-body system. It can be shown 
(Foldy and Tobocman 1957) that this equation does not have a unique solution. 
Glöckle (1970) has shown that iψ satisfies also the following two homogenous 
equations: 
ikiji VVG ψψ )( +=    (21a) 
iijki VVG ψψ )( +=    (21b) 
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The equations (20), (21a) and (21b) are called Lippmann-Schwinger triad and can be 
written as 
ikjliili VVG ψδψ )( ++Φ=      (22) 
As in the case of two-body interaction, we can also introduce a transition operator. In 
analogy to the t operator for the two-body interaction (see eq. (9)), the transition 
operator T for the three-body system satisfies the following relation 
TVGVT 0+=      (23) 
where 321 VVVV ++=  
Faddeev splits eq. (23) into three equations: 
∑∑
==
=+=+++++=
3
1
0
3
1
0321321 )()()(
i
ii
i
i TTGVVTGVVVVVVT      (24) 
  where  
TGVT ii 0+=      (25) 
The eq. (25) can be expressed as 
)(0 kjiii TTGttT ++=      (27) 
where by definition 
01 GV
Vt
i
i
i −
≡      (28) 
It is easy to see that eq. (28) is the same as eq. (9) and thus it is a two-body 
transition operator in the three-body space. 
Equation (27) can be written in a matrix form as 




















+










=










3
2
1
0
33
22
11
3
2
1
3
2
1
0
0
0
T
T
T
G
tt
tt
tt
t
t
t
T
T
T
     (29) 
As for the two-body system, the T operator can be evaluated by iteration. If we 
define 










≡
3
2
1
T
T
T
T , 










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3
2
1
t
t
t
t , and 










≡
0
0
0
33
22
11
tt
tt
tt
τ  
then the matrix equation for T can be written as 
TτtT 0G+=      (30) 
If we now use the same iteration procedure as for the eq. (9) then we shall find that 
...000000 ++++= tτττtττtτtT GGGGGG      (31) 
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Appendix M 
Resonating group theory 
Resonating group theory (also known as method or model and abbreviated as RGM) 
applies to an interaction of two groups of particles. RGM was first introduced by 
Wheeler (1937) to describe resonant transfer of a group of electrons from one group 
of atoms to another. Later, the method was applied to an interaction of clusters of 
nucleons and was improved by the introduction of three useful methods: the Peierls-
Yoccoz projection method, the generating coordinate method, and the Brink alpha-
cluster model (Brink 1965 and Saito 1977).  
The basic assumption of the RGM is that at small distances, the interaction between 
individual nucleons belonging to two clusters of interacting particles is mainly defined 
by the Pauli principle and that the dynamic effects are described by the wave 
function of the relative motions of the reacting clusters.  
The Schrödinger equation for the interacting groups is 
ψψ EH =  
where  
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with iT being the kinetic energy operator of the ith particle and ijV the interaction 
potential between particle i and j.  
The wave function )(Aψψ ≡ for the whole system of A nucleons can be written as 
[ ]∑ ∑
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where A is the antisymmetrisation operator responsible for the Pauli principle, 
)( 11 Anφ and )( 22 Anφ are the wave functions for the interacting nuclei, and ),( 21 nnf is 
the function for the relative motion.  
In the algebraic version of RGM (Filippov 1989), the wave function )(Aψ is expressed 
as  
∑ ∑
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where )( 2121 AAC nnn are the Fourier coefficients of the expansion of )(Aψ in the many-
particle oscillator basis functions nnn 21 antisymmetric under a permutation of 
nucleon coordinates.  
The coefficients )( 2121 AAC nnn are determined by solving the following algebraic 
equations: 
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Theoretical treatment may be expanded by including many-body forces and an 
interaction of three clusters of nucleons. For more information about mathematical 
description of the RGM and its application see for instance Aoki and Horiuchi 1982; 
Hofmann (2002), Lemere, Tang, and Thompson (1976), and Thompson and Tang 
(1973)  
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Appendix N 
The R-matrix theory 
The R-matrix theory has been applied successfully to nuclear reactions proceeding 
via formation of a compound nucleus. In this theory, the space is divided between 
internal and external regions. The internal region refers to the space inside the 
nucleus. This division is possible because of the short-range of nuclear forces and 
because of the Pauli principle.  
Schrödinger equations are solved in both regions. To study resonances in the 
compound nucleus, the internal wave function is expressed in terms of a complete 
set of orthogonal resonant states, which are also solutions of appropriate 
Schrödinger equations and which obey a specific boundary condition.  
The matching of the internal and external regions is done by calculating and 
equating logarithmic derivatives of the radial wave functions at the boundary 
between the two regions.  The logarithmic derivative of the internal wave function 
leads to an expression containing R-function or R-matrix, depending on the 
assumptions used in the calculations. The differential cross section is expressed in 
terms of the collision function (or matrix). The matching of the logarithmic derivatives 
for the external and internal region allows for expressing the collision function (or 
matrix) in terms of the R-function (or R-matrix).   
Discussion of the R-matrix theory may be found in the publication of Lane and 
Thomas (1958). Excellent outline of this theory may be also found in a set of lectures 
by Vogt (2004). To outline the basic ideas of R-matrix treatment, I start with the 
discussion of the single-channel case. 
Single-channel theory 
The differential cross section is given by 
2
2 )(cos)1)(12(4
1 ∑ −+=Ω l ll
PUl
kd
d θσ  (1) 
and integrated cross section by 
2
2 1)12(∑∫ −+=ΩΩ≡ l l
Ul
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d
d
d πσσ  (2) 
where 
li
l eU
δ2=  (3) 
is the collision functions with lδ being phase shift parameters.  
Internal region 
The radial wave function )(rlϕ in the internal region is a solution of the Schrödinger 
equation  
)()()()(
2 2
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rErrV
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m ll
l ϕϕϕ =+−   (4) 
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where )(rV is the nuclear potential. 
This function can be expressed as a sum of mutually orthogonal resonant state wave 
functions lλΧ , which are the solutions of the Schrödinger equation 
)()()()(
2 2
22
rErrV
dr
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m lll
l
λλλ
λ Χ=Χ+
Χ
−
  (5) 
If we use radius lar =  to denote the division between the internal and external 
region, then the boundary condition for )(rlλΧ is given by 
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where lb is an arbitrary (real) boundary condition number.  
The external and internal regions are joined by matching the logarithmic derivatives 
of the respective radial wave functions at the nuclear surface ( )lar = . For the 
internal wave function we have14 
l
ll
ar R
Rb
r
rr
l
+
=




 ′
=
1
)(
)(
ϕ
ϕ  (7) 
where drrdr /)()( ϕϕ ≡′ and lR is the so-called R-function, which is given by  
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being the reduced width. In the multi-channel theory, this function is replaced by R-
matrix. 
External region 
The radial wave function )(rlϕ in the external region is a solution of the Schrödinger 
equation containing Coulomb interaction 
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Its solution can be expressed in terms of the regular lF and irregular lG solutions. At 
large r values, they are given asymptotically by 
[ ]ll lkrkrF σπη +−−→ )2/1()2log(sin  (11a) 
                                               
14 Lane and Thomas (1958) assume 0=lb (see for instance their analogous expression (IV,1.11) for 
this quantity).  
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[ ]ll lkrkrG σπη +−−→ )2/1()2log(cos  (11b) 
where 
]1arg[ ησ ill ++=  (12) 
is the Coulomb phase shift, and 
υ
η
h
eZZ 221=  (13) 
is the Coulomb parameter. 
In terms of the collision matrix lU  
llll OUIr −∝)(ϕ  (14) 
where lI and lO are the incoming and outgoing wave functions, respectively, 
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with 
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By calculating the logarithmic derivatives of the external radial wave function and 
by matching them with the logarithmic derivatives of the internal functions we can 
express the collision function lU  in terms of the R-function: 
)1(
)1( *
ll
ll
l
l
l LR
LR
O
IU
−
−
=  (17) 
where lL contains the logarithmic derivative of lO  
l
l
l
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The quantity lL can be also expressed in terms of the penetration factor lP  and 
shift functions lS : 
llll biPSL −+=  (19) 
where 
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We can also introduce the scattering phase shifts lΩ ,  
)/tan( llll GF−=Ω ω  (22) 
which enter into the relation 
li
l
l e
O
I Ω= 2  (22) 
The multi-channel R-matrix theory 
The simple case described above gives an introduction into the basic ideas of the R-
matrix theory. We can now consider a more complex case where various channels 
are involved in the reaction. Following Vogt (2004) this is illustrated in Figure O.1 for 
the 8Be as a compound nucleus.  
 
Figure O.1. A schematic diagram of a few contributing channels leading to or resulting from the 
formation of the compound nucleus 8Be*. The internal region is limited by the potential )(rV . The 
thick lines at the surface mark the surface S for each channel. (Vogt 2004.) 
 
A channel is defined by quantum numbers  
),,,,( JMJslc α≡  
where  
iIs ˆˆˆ +=  
slJ ˆˆˆ +=  
with Iˆ  and iˆ  being the intrinsic spins of the two particles in each channel. 
Internal region 
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As before, the internal wave function ψ  corresponding to energy E can be 
expressed as a sum of the resonant states λΧ  corresponding to energy λE ,  
∑ Χ=
λ
λλψ C  (24) 
satisfying the boundary condition 
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which may be compared with eqn (6). 
It can be shown that coefficients λC are given by 
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where cλγ is the reduced width amplitude. 
This leads to an expression containing R-matrix 
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with 
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which resembles eqn (8). (28) 
External region 
The external wave function may be expressed as  
c
c
cϕψψ ∑=  (29) 
where cψ are the wave functions containing spin-dependent components and 
functions describing internal excitations of the interacting pair in a given channel, 
and  
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with cA and cB being arbitrary coefficients and cI and cO the incoming and outgoing 
functions in a given channel c.  
If we define the collision matrix as  
c
c
ccc AUB ′
′
′∑≡  (31) 
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then 
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If we follow the same prescription as in the single-channel theory, i.e. if we match 
the logarithmic derivatives for the internal and external functions, we shall be able 
to express the collision matrix in terms of the R-matrix:  
2/1*112/1 )(][]1[)( −′′′′′′′′′′
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−
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c
ccccccc akILRRLOakU δ  (33) 
This formula is analogous to the eqn (17).  
Likewise, we shall find that the differential cross section and the angle-integrated 
cross sections can be expressed by equations resembling the formulae (1) and (2), 
respectively. 
The differential cross section is given by: 
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with Z coefficients being the products of Clebsch-Gordan coefficients. 
The angle-integrated cross section can be expressed as: 
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The total cross section has the form: 
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